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ABSTRACT 
The behavior of switching converters under large-signal conditions 
i s  modelled and analyzed. Two major problems are of i n t e r e s t :  
t h e  reduction of the dis tor t ion which occurs in switching amplifiers, 
and the s tab i l i za t ion  of switching regulators f o r  a l l  t ransients  which 
a r e  expected t o  occur. 
In Part  1 ,  a large-signal model i s  described which predicts the 
simple harmonic dis tor t ion generated inherently by switched-mode 
amplifiers.  The causes of t h i s  dis tor t ion a re  iden t i f i ed ,  and 
r e l a t i ve ly  simple design techniques fo r  i t s  reduction t o  an acceptable 
level are presented. A par t icular ly  a t t r ac t i ve  feature  of the method 
i s  the a b i l i t y  t o  compute harmonic magnitude and  phase using l inear  
c i  rcui t models and Bode plots.  
The method i s  extended to  account f o r  intermodulation dis tor t ion.  
Additional e f f ec t s  not described by the model are a l so  discussed, 
including crossover dis tor t ion and bandwidth l imita t ions .  
Although i n  i ts  simplest form the buck converter i s  inherently 
l inear ,  considerable d i s to r t ion  may a r i s e  when i t  i s  preceded by 
an input f i l t e r .  This problem i s  solved as an example of the 
usefulness and circui t-oriented nature of the  method. 
In Part  2 ,  a large-signal switching regulator model i s  derived, 
and prominent features  of the t ransient  response a re  determined. 
In par t i cu la r ,  the various regions of operation a re  iden t i f i ed  in the 
s t a t e  plane, analytical  expressions a re  found f o r  the equilibrium 
points of the system, and computer-generated t rans ien t  wavefoms 
are obtained. 
As an example, a  boost regulator i s  investigated,  and i s  found 
to be s tab le  fo r  small signals b u t  unstable fo r  large t ransients .  
Approximate analytical  expressions are found for  the waveforms and 
sa l i en t  features  of the response, and a  number of ways of obtaining 
global s t a b i l i t y  a re  discussed. 
Experimental evidence i s  presented t o  verify both the dis tor t ion 
and s t a b i l i t y  analyses. 
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PART 1 
DISTORTION I N  S W I T C H I N G  A M P L I F I E R S  
CHAPTER 1  
INTRODUCTION 
Switching conver ters a re  f i n d i n g  increas ing  a p p l i c a t i o n  as motor 
c o n t r o l l e r s ,  t ransducer d r i ve rs ,  servo a m p l i f i e r s ,  u n i n t e r r u p t i b l e  
power suppl ies, and l o w - d i s t o r t i o n  ( u n i t y  power f a c t o r )  ac-to-dc power 
suppl ies. I n  these app l ica t ions ,  the  conver te r  must reproduce a  c o n t r o l  
s igna l  a t  h igh power l e v e l s  w i t h  reasonable accuracy and e f f i c i e n c y .  
Because o f  t h e i r  t h e o r e t i c a l  100% e f f i c i e n c y ,  sw i tch ing  conver ters 
would appear t o  be much b e t t e r  s u i t e d  f o r  these app l i ca t i ons  than 
convent ional c lass  B  amp l i f i e r s .  However, the  inherent  n o n l i n e a r i t y  
i n  these conver ters poses an obstac le t o  bo th  t h e i r  ana lys is  and design. 
I n  p a r t i c u l a r ,  i t  i s  poss ib le  f o r  n o n l i n e a r i t i e s  t o  cause the 
appearance o f  large,  p rev ious l y  unexpected and myster ious amounts o f  
low and mid-frequency d i s t o r t i o n .  The ana lys i s  o f  t h i s  d i s t o r t i o n  i n  a  
design-or iented manner i s  the  sub jec t  o f  t h e  f i r s t  p a r t  o f  t h i s  thes is .  
The technoIogy f o r  the  implementation o f  sw i tch ing  power suppl ies 
i s  c u r r e n t l y  a t  a  h igh  l e v e l  and cont inues t o  develop. Since both  
swi tch ing  power supp l ies  and swi tch ing  a m p l i f i e r s  f a l l  i n t o  the  general 
category o f  "switched-mode power converters",  i t  i s  n a t u r a l  t o  attempt 
t o  adapt t h i s  technology t o  the r e a l i z a t i o n  o f  a  power a m p l i f i e r .  
Indeed, i n  many instances t h i s  may be done w i t h  on l y  a  few major 
mod i f i ca t i ons  [9,10J. However, there  i s  one fundamental d i f f e rence  
between the  a m p l i f i e r  and the  power supply: the  a m p l i f i e r  must 
reproduce cont inua l  la rge-s igna l  v a r i a t i o n s  o f  a c o n t r o l  s i gna l ,  
whereas the  power supply need o n l y  regu la te  a dc ou tput  aga ins t  the 
occasional ex te rna l  per tu rba t ions  which may occur. Consequently, 
a d d i t i o n a l  requirements on t h e  la rge-s igna l  bandwidth and l i n e a r i t y  o f  
a swi tch ing  a m p l i f i e r  e x i s t  which must be s a t i s f i e d  before acceptable 
performance can be a t ta ined.  
It i s  o f  i n t e r e s t ,  therefore,  t o  i d e n t i f y  the var ious aspects 
o f  the  general sw i tch ing  a m p l i f i e r  which degrade i t s  la rge-s igna l  
performance. Chapter 6 conta ins  a d iscussion o f  sane o f  these 
d i s t o r t i o n  processes, i n c l u d i n g  s lew-rate l i m i t i n g  , crossover 
d i s t o r t i o n ,  component n o n i d e a l i t i e s ,  and the  generat ion o f  h igh 
frequency swi tch ing  r i p p l e .  These problems must a l l  be resolved before 
a l i n e a r  swi tch ing  a m p l i f i e r  i s  rea l i zed.  However, the  most 
fundamental source o f  d i s t o r t i o n  a r i ses  from t h e  swi tch ing  process 
i t s e l f .  It i s  well-known t h a t  the  dc c h a r a c t e r i s t i c s  o f  many o f  the  
basic  conver ter  topo log ies  are nonl inear .  For example, the  dc l i n e -  
to -ou tput  gain o f  the  boost conver te r  i s  1 / (1  - D) where D = duty  r a t i o .  
I n  these cases, one expects low-frequency harmonic d i s t o r t i o n  t o  be 
generated even by the  i d e a l  conver te r  stage. Furthermore, s ince 
induc tors  and capac i to rs  are i n t r i n s i c  t o  the conver ter ,  one might  
suspect t h a t  the  n o n l i n e a r i t i e s  depend on the  frequency of e x c i t a t i o n .  
It i s  well-known t h a t  t h e  smal l -s igna l  response conta ins frequency- 
dependent terms I1,2]; i t  fo l lows t h a t  the  la rge-s igna l  response should 
vary w i t h  t h e  frequency o f  e x c i t a t i o n  a lso .  It i s  shown here t h a t  the 
harmonic d i s t o r t i o n  i s  indeed a f u n c t i o n  o f  frequency. 
fig. 1. I. Dc chatractehib~ticn od .the boost  conuehte,?: .the out1~u.t 
vo&agge V A a no&ea?r c h  t h e  con0~o.t s ign& D. 
fforeover, t h e  peak l e v e l  o f  d i s t o r t i o n  may occur no t  a t  dc, b u t  r a t h e r  
a t  some midband frequency. Two extreme examples o f  t h i s  are g iven i n  
Chapter 5, where the d i s t o r t i o n  generated by two types o f  buck 
a m p l i f i e r  w i t h  i n p u t  f i l t e r  i s  analyzed. I n  these cases, the  dc gain 
curve i s  completely l i n e a r ,  y e t  harmonic d i s t o r t i o n  occurs when ac 
e x c i t a t i o n  i s  present!  Apparent ly a dc d i s t o r t i o n  ana lys is  i s  n o t  
s u f f i c i e n t ;  ac e f f e c t s  must be accounted f o r  a lso .  
The conclus ion i s  t h a t  a la rge-s igna l  ac model i s  requ i red  f o r  
the  design o f  a sw i t ch ing  a m p l i f i e r .  From such a model, i t  should be 
poss ib le  t o  c a l c u l a t e  t h e  var ious  harmonics which appear a t  t h e  ou tput ,  
t o  determine t h e i r  dependence on the  var ious c i r c u i t  element values, 
and then i f  possible t o  design an amplifier  which i s  suf f ic ien t ly  
l inear  fo r  a given application. A large-signal model of t h i s  type i s  
derived i n  Chapter 3 which predicts simple harmonic d i s to r t ion .  The 
outcome of the method i s  a s e r i e s  of Lbzw citlcuLt mod&, one for  
each component of the output. Hence, standard l inear  c i r c u i t  analysis 
techniques may be used t o  f ind the  amplitude and phase of each 
harmonic; no complicated nonlinear d i f fe ren t ia l  equations need be 
solved by the engineer. The r e su l t  i s  a useful design-oriented 
procedure for  the reduction of the  d i s to r t ion  inherent in switching 
amplifiers t o  an acceptable level .  
The procedure i s  extended in  Chapter 4 t o  the s i tua t ion  where two 
inputs are present. Intermodulation d i s to r t ion  may occur in t h i s  
case. Two d i f fe ren t  types of buck amplifier  with input f i l t e r  are 
analyzed as design examples in  Chapter 5. I t  i s  found tha t  the 
dis tor t ion in the configurations considered may be reduced t o  an 
a r b i t r a r i l y  low level i f  the output impedance of the input f i l t e r  i s  
suf f ic ien t ly  small. This i l l u s t r a t e s  the concrete, quant i ta t ive ,  
design-oriented nature of the method. 
Experimental evidence i s  presented in Chapter 7. As might be 
expected, i t  was necessary t o  augment the  standard small-signal 
measurement techniques used f o r  switching power supplies with l inear  
amplifier d is tor t ion measurement methods. F i r s t ,  the resu l t  of the 
design procedure i n  Chapter 5 is  verif ied.  Next, i t  i s  shown tha t  the 
method i s  capable of predicting the actual time-domain output 
waveforms. Thus, the method i s  ver i f ied in  two d i s t i n c t  ways. The 
en t i r e  procedure i s  sumarized i n  Chapter 8 .  
CHAPTER 2 
AN INTRODUCTION TO SWITCHING AMPLIFIERS 
2.1 Introduction 
This chapter contains a brief review of the basic principles of 
switched-mode conversion and amplification and an introduction t o  the 
nonlinear processes involved. In the  f i r s t  section,  some typical 
c i r cu i t s  a re  examined. F i r s t ,  the  four basic converter topologies are 
discussed, and a number of ways of modifying them t o  obtain four- 
quadrant amplifiers are shown. This i s  followed by a review of some 
of the ac applications of switching converters which have been recently 
proposed. In the second sect ion,  the basic properties of the ideal 
switching amplifier are described. In par t icular ,  i t  i s  found tha t  the 
ideal switching amplifier i s  inherently nonlinear. The d i s to r t ion  
processes a re  modelled, and a s t ra tegy i s  formulated for  the analysis 
and design of low-distortion amplifiers. 
2.2 Review of Topologies and Applications 
The basic dc-to-dc converter topologies, from which a l l  amplifiers 
discussed in t h i s  thes i s  a re  derived, a r e  shown in Fig. 2.1. Each 
configuration converts a dc i n p u t  voltage V t o  some dc output voltage 9 
V, supplying power t o  a load R. A switch repe t i t ive ly  connects 
reactive elements between the i n p u t  and output, f i r s t  storing energy in 
the  reactor when the switch i s  i n  position 1 ,  then discharging the  
F+. 2 . 1 .  Fouk b a h i c  dc-.toto;dc huLtc&lg convett te&&: Buck, Boo.&.t, 
Buck-Bount, and Cuh. The i d e a l  h w i t c h  .b u n U g  
h p ~ e m e n t e d  ul i th a hinp%? .tZa~.).b.toh. and d i o d e  ah hhosui;. 
Switch 
Position t 
Fig .  2 .2 .  ThebwLteh  changes t r e p U v d g  b&eenpob.Lt%on I ,  dWLing 
. in tenvd.  DT, m d  p a b i t i o n  2, &%kg i & e n v d  (1 -D)T,, dtwe 
T, A .the bUJ&tckivlg peniad and D A t h e  du ty  hatic. 
energy t o  t h e  ou tput  when t h e  sw i t ch  i s  i n  p o s i t i o n  2. The output  
vo l tage may be c o n t r o l l e d  by proper v a r i a t i o n  o f  the  r e l a t i v e  amounts 
o f  t ime which t h e  swi tch  spends i n  the  two pos i t i ons ;  t h i s  suggests 
the  use o f  these conver ters as dc a m p l i f i e r s .  Furthermore, s ince no 
d i s s i p a t i v e  ccmponents are requi red,  the  e f f i c i e n c y  o f  these conver ters 
may approach 100%. Consequently, they  are  we1 1-sui ted  f o r  power 
app l ica t ions .  
The conversion r a t i o s  M ( D )  = V /V  f o r  the  bas ic  conver ters are 9 
g iven i n  Fig. 2.3. The buck conver ter  steps the  vol tage down, and 
the  conversion r a t i o  M(D) = D i s  a l i n e a r  f unc t i on  o f  0. The boost 
conver ter  steps up the  voltage. The conversion r a t i o  f o r  t h i s  
conver ter  i s  M ( D )  = 1 / (1  - D), a non l inear  f unc t i on  o f  D. The buck- 
boost and Euk ~2,14,15,16,17,18] conver ters both i n v e r t  the voltage and 
may e i t h e r  s tep up o r  s tep down. The conversion r a t i o  f o r  these 
conver ters i s  M ( D )  = -D/(1 - D), again a non l inear  f u n c t i o n  o f  D. 
Tnese conver ters a r e  o n l y  capable o f  producing output  vo l tages and 
cur ren ts  o f  one p o l a r i t y ;  hence, they f i n d  a p p l i c a t i o n  where a dc 

I c l  
M ( D )  t 
F i g .  2 . 3 .  C o n v m i o n  /ratios M(D) 60& Xhr bait conuehtehs 0 6  F i g .  
2 . 1 :  [a1 M(D) = D do& Xhe buck convehtm;  ( b l  M ( D )  = I / ( ) - D )  
604 t h e  boobX conuehten; ( e )  M(D) = -D/(l-Dl do5 .the 
buck- boos2 und h h  conventeh$. 
output  i s  requi red ,  p r i n c i p a l l y  a s  regula ted  dc power supp l i e s .  
A number of conf igura t ions  have been suggested [9,13 , I  2,191 f o r  
dc-to-ac app l i ca t ions .  These c i r c u i t s  r equ i re  a  power input  vol tage of 
pos i t i ve  p o l a r i t y ,  but  can produce output  vol tages and cu r ren t s  of 
e i t h e r  p o l a r i t y .  As a r e s u l t ,  they a r e  useful i n  ac  power ampl i f i e r  
app l i ca t ions .  
Three of t h e  many poss ib le  switching ampl i f i e r  conf igura t ions  a r e  
shown i n  Fig. 2 .4  a ,  b,  c ,  and a  complete open-loop system i s  shown i n  

Fig. 2.4. T y p - i d  buritchi~lg a m p f i ~ i e r i  c o n 6 i g M o 1 2 6  : [a) buck 
ampeidicn w i t h  &puR 1;&e/~n; I b 1 bhOige ampfidieti 
i n p u t  &i&eh; (c) tub amt~eidieh; Id1 r h e  compL&e open-Loop 
Sybtem. 
riqnol 
input 
Jb- comporotor driver D ( t )  
- 
Fig. 2.4d. The f i r s t  (Fig. 2.4a) i s  a buck-derived converter w i t h  the 
load referred t o  ground. Both posit ive and negative power supplies 
a re  required, and two input f i l t e r s  are needed t o  smooth the pulsating 
input current which i s  generated. An a l t e rna t ive  buck-derived 
amplifier  i s  based on the bridge configuration and i s  given in Fig. 
2.4b. In this case, only one supply and i n p u t  f i l t e r  i s  required; 
however, the load i s  no longer referenced t o  ground. The th i rd  
configuration consis ts  of a paral le l  connection of two two-quadrant 
amplifiers; a version based on the Cuk converter i s  shown i n  Fig. 2 . 4 ~  
19,201. I t  too requires only one power supply a t  the expense of a 
f loa t ing  load. The en t i r e  open-loop amplifier  system i s  shown i n  
Fig. 2.4d. I t  consists  of a comparator and clocked ramp which perform 
the pulse-width modulation function, a d r iver  which interfaces  the 
comparator t o  the  power switches, and the  power stage i t s e l f .  
power 
8t09t 
power supply 
tn.-;3n, k input 
clocked ramp PwM stqnoi 411J 
"9 
"9 
control 
reference input switching power 
cornpensotion dc input * ornplifier output motor 
\ 
. \ 
I 
I 
position 
or velocity 
feedback 
Fig. 2.5. The appeicat ion 06 a 6mLich.big amp&,$La fo f i v e  a dc 
moCoti a benva byntem. 
A number o f  authors have considered t h e  use o f  sw i tch ing  conver ters 
as servo amp l i f i e r s .  I n  1211, the idea o f  us ing  a br idge a m p l i f i e r  
t o  d r i v e  a dc motor was introduced. La te r  papers considered the  use of 
regenerat ive brak ing  i n  such a system 1221, the  design o f  the feedback 
loop 1231, and the  e f f e c t s  o f  dead time on t h e  l i n e a r i t y  of the  
a m p l i f i e r  1241. Another paper contained a d e t a i l e d  d e s c r i p t i o n  o f  the 
design o f  the  e n t i r e  swi tch ing  servo system 1251. I n  l i g h t  of the  low 
bandwidth requirements o f  most servo a m p l i f i e r s ,  t h i s  i s  an a p p l i c a t i o n  
f o r  which swi tch ing  a m p l i f i e r s  a re  we l l - su i t ed  s ince  swi tch ing  
t r a n s i s t o r s  and diodes capable o f  opera t ing  a t  the  k i l o w a t t  power 
l e v e l  and 20 kHz swi tch ing  frequency are w ide ly  a v a i l a b l e  today. 
Another application which has received some at tent ion i s  as a 
ringing-tone generator in telephone systems [26,27,28,29]. Here, i t  
i s  necessary t o  produce programnable low-frequen'cy s ine waves a t  lOOW 
power levels.  
Switching converters have been suggested for  the variable speed 
drive of induction motors 130,31,32]. Three-phase (or  polyphase) sine 
waves of adjustable frequency and magnitude m u s t  be supplied to  the 
motor a t  high power levels.  A one-horsepower system of the type 
i l l u s t r a t ed  i n  Fig. 2.6 has been demonstrated 1301. One dc-to-dc 
converter i s  used per phase t o  produce a properly phased sinusoid with 
dc offset .  This dc o f f s e t  i s  cancelled by d i f fe ren t ia l  connection of 
the motor across the three outputs. The same technique can be applied 
to  other areas,  such as a unity power factor  battery charger or  
uninterruptible power supply 1303. 
dc-to-dc 
converter 
Fig. 2.6. The w e  0 6  bw.itckiYlg c o n v e h t m  do& .the vahhbte-&peed 
f i v e  ad t h t e c  p h 5 e  &duCtion rno.to,u 11303. One dc-to-dc 
conuehteh b baed p a  phcue. 
m 
- 
I 
dc-to-dc 3-phose 
converter induction 
motor 
- - 
- - 
dc-to-dc 
converter 
- - 
Yet another a p p l i c a t i o n  i s  i n  the  processing o f  60 Hz power. 
Switching conver ters have been proposed as a c t i v e  power bandpass 
f i l t e r s  1331, s o l i d - s t a t e  transformers w i t h  ad jus tab le  tu rns  r a t i o s  
1341, power frequency conver ters 1353, and dc-to-ac i n v e r t e r s  f o r  s o l a r  
a r rays  136,37,38,39]. Here, power i s  e f f i c i e n t l y  processed i n  ways 
which were n o t  p r a c t i c a l  p rev ious l y .  
The most demanding a p p l i c a t i o n  i s  as a h igh  f i d e l i t y  audio 
a m p l i f i e r .  Although i t s  h igh  e f f i c i e n c y  makes the  swi tch ing  audio 
a m p l i f i e r  a t t r a c t i v e  a t  power l e v e l s  o f  hundreds o f  wat ts ,  the h igh 
l i n e a r i t y  and bandwidth requ i red  o f  such a m p l i f i e r s  makes t h e i r  design 
very d i f f i c u l t .  The design and ana lys is  o f  audio swi tch ing  amp l i f i e r s  
f o r  dc and smal l  s i gna ls  i s  considered i n  [9,10]. 
It i s  apparent t h a t  many app l i ca t i ons  e x i s t  f o r  sw i tch ing  
amp l i f i e r s .  I n  each o f  these, some o f  the voltages and cur ren ts  i n  the 
conver ter  must conta in  la rge-s igna l  ac components. As a r e s u l t ,  the 
n o n l i n e a r i t i e s  i n  the system become s i g n i f i c a n t .  I n  the nex t  sect ion,  
the  fundamental la rge-s igna l  behavior o f  sw i tch ing  conver ters i s  
examined. 
2.3 An Elementary Nonl inear Model 
I n  t h i s  sect ion,  the basic p rope r t i es  o f  the i d e a l  sw i t ch ing  
a m p l i f i e r  a re  reviewed, and i t  i s  po in ted  ou t  t h a t  t h i s  device i s  
i n h e r e n t l y  non l inear .  A number o f  examples are  g iven which i l l u s t r a t e  
the  types o f  d i s t o r t i o n  t h a t  can occur. Exper imenta l ly  obta ined 
waveforms a r e  presented which v e r i f y  the  ex is tence o f  t h i s  d i s t o r t i o n ,  
and a s t r a t e g y  i s  formulated f o r  t h e  ana lys is  and design o f  low- 
d i s t o r t i o n  sw i t ch ing  a m p l i f i e r  systems. 
Figig.  2.7. The b a n k  bwLtckiizg a m p f i d i r n  h a &we-poht device: Lt 
con-tain~ a conO~oL inpLLt, a polurn h p d ,  and a p ~ w m  ouX~3U-t. 
Switching 
The basic switching amplifier i s  a three-port device, as shown in 
Fig. 2.7. I t  contains a power i n p u t ,  a power output, and a control 
i n p u t .  The i n p u t  power i s  processed a s  specified by the control input 
and then i t  i s  output t o  the load. Ideally,  these functions are 
performed w i t h  100% efficiency; therefore,  i f  the ideal amplifier 
contains no storage elements, then the  instantaneous i n p u t  power and 
output power are equal: 
ig +- 
v,(t) 
- 
In general, the voltage i s  tranformed by some conversion r a t i o  M ( D ) :  
v = M(D) v 9 ( 2 . 2 )  
Equations (2.1) and (2.2) suggest t h a t  the ideal switching amplifier 
possesses the properties of an ideal "dc transformer" [1,2,7,17,40,41], 
with "turns ra t io"  M ( O ) ,  a s  shown in  Fig. 2.8. Note t h a t ,  even though 
Amplifier 
power power 
input output 
control 
input 
i 
- 
- 0 + 
v ( t )  
- 
F@. 2.8. The .id& ~ w i t c h h t g  a m p f i ~ i e h  pcrbne~ben t h e  p h o p e h t i ~  06 
a "dc .t.fu.~n~ botunet~" w i t h  eorztrro&bLe xW~n.5 hiLtiU M ( D ) .  
a r e a l  t ransformer cannot process dc power, the  symbol i n  Fig. 2.6 can 
nonetheless be def ined t o  work a t  dc and hence c o r r e c t l y  model the i d e a l  
sw i tch ing  a m p l i f i e r .  
I t  i s  apparent t h a t  the  i d e a l  sw i t ch ing  a m p l i f i e r  i s  i n h e r e n t l y  
a non l inear  device, f o r  two reasons. F i r s t ,  the  t ransformer r a t i o  
M(D) may n o t  be a l i n e a r  f u n c t i o n  o f  D. Second, t h e  t ransformer r a t i o  
may be t ime-varying, causing the m u l t i p l i c a t i o n  o f  two t ime-vary ing 
s ignals,  as described by Eq. (2.2). Examples o f  these two processes 
are g iven below. 
The t ransformer r a t i o  o f  t h e  boost conver ter  i s  
tknce, M(D) i s  a non l inear  f unc t i on  o f  D. Consider the  i d e a l i z e d  boost 
conver ter  o f  Fig. 2.9. The ou tpu t  i s  g iven by 
Since V i s  Constant i n  t h i s  example, the  m u l t i p ~ i c a t i o n  process does 9 
n o t  generate a d d i t i o n a l  harmonics. I n  consequence, the harmonics which 
appear can be ascr ibed t o  the  n o n l i n e a r i t y  o f  M ( D ) .  For example, w i t h  
s inuso ida l  c o n t r o l  i n p u t  
D ( t )  = Do + E s i n  w t  
tne  power ou tput  i s  g iven by 
~ ( t )  = 
1 - D - E s i n  ot 0 
V 2 2 
( 1  + %- s i n  wt + (i) s i n  wt + . ..) Do Do ( 2 . 7 )  
I 
where DO = 1 - Do , v a l i d  f o r  E < D 0  
which conta ins both even and odd harmonics. 
i o I : M(D) i < 
- I M ( D ) = -  I-D 
O S D S I  
D(t)  
F i g .  2 .9 .  lde&zeci boon$ canvehtea e x m p l e .  The convetLsiatz m t i o  
M(D) L4 a n o n ~ t ~  &nOtion 06 .the COJL-UZCL b i g n d  D (  t 1. 
In t h i s  example, the  form of the  nonlineari ty i s  very simple: i t  
i s  a single-input,  single-output block containing a nonlinear dc gain. 
Hence, t h i s  idealized system i s  ea s i l y  analyzed. Unfortunately, real - 
l i f e  boost converters a re  considerably more complicated. As shown by 
example i n  the next chapter, the storage elements i n t r i n s i c  t o  the 
boost converter cause the  d i s to r t ion  t o  vary with frequency; as a 
r e su l t ,  the analysis above i s  only valid a t  dc. 
The multiplication process generates a d i f fe ren t  type of 
dis tor t ion.  As an example, consider the idealized buck converter of 
Fig. 2.10. Here the transformer r a t i o  i s  a l inear  function of the 
control i n p u t ;  as a r e su l t ,  no harmonics a r e  generated by the M(D) 
block. However, since both v ( t )  and D(t) a re  time-varying, the 9 
mu1 t i p l i ca t i on  process does generate harmonics. For example, i f  
I : M I D )  i 
M ( D ) =  D  
O S D  SI 
F .  3 0. Idealized buck conve, ta examp&. ALZhougk the co t zuw ian  
W o  M(D) b a & e m  ~unixXoiz od .the cocttmL 6 . ig i zd  D (  t ), 
hatunoizics non&ze.Lesn appean at Xke ou tpu t  b e m e  .the 
po~oeh LnpiiLt vg( t )  and c o n t r ~ e  &pi& D(t) ate b o t h  -time 
vLVLyiJ2g. 
v ( t )  = A s i n  w t  (2.8) 9 
D( t )  = Do + E s i n  wt  ( 2 . 9 )  
then the  ou tput  v ( t )  conta ins dc and second harmonic components: 
1 
v ( t )  = DoA s i n  wt + 7 E A  ( 1  + s i n  2 o t )  (2.10) 
Although t h i s  m u l t i p l i c a t i o n  process can be used t o  advantage i n  some 
ac-to-dc and ac-to-ac systems, i n  most cases i t  i s  a source o f  
undesired harmonics. 
A more complicated system occurs when ex te rna l  c i r c u i t  elements 
are  added. A t y p i c a l  dc-to-ac a p p l i c a t i o n  i s  shown i n  Fig. 2.11. The 
presence o f  the  i nduc to r  causes the  i n p u t  t o  the  transformer, vl, t o  
vary even though V i s  constant.  As a r e s u l t ,  the  m u l t i p l i c a t i o n  
9 
process generates d i s t o r t i o n .  Furthermore, s ince r e a c t i v e  elements 
are  present, non l inear  d i f f e r e n t i a l  equat ions occur which can be very 
d i f f i c u l t  t o  solve. For the example in Fig. 2.11, one obtains 
I t  i s  apparent that  the output voltage v ( t )  i s  a  nonlinear function of 
the  control i n p u t  D(t) ,  and tha t  the level of dis tor t ion may vary with 
the frequency of excitation.  Hence, embedding an ideal switching 
amplifier i n  a  larger system can s ignif icant ly  complicate the  dis tor t ion 
problem. 
A more concrete example i s  the bridge amplifier of Fig. 2.12. An 
input f i l t e r  i s  included t o  smooth the pulsating i n p u t  current which 
i s  generated. The ac large-signal model can be found; i t  i s  given by 
Fig. 2.13. I t  can be seen t h a t  the presence of Lf causes the input to  
the transformer, vS ,  t o  vary even though V i s  constant. Hence, again, 9  
the multiplication process generates dis tor t ion.  The exact shape of 
the distorted waveform depends on the interaction of the input f i l t e r ,  
transformer, and output f i l t e r ;  i t  should vary w i t h  frequency since the 
f i l t e r s  contain reactive elements. 
F 4 .  2 .12.  W g e  ampfid-ien with ininpu* ~. ie terr  ~ h i c h  g e n W & 5  
d i n t o h t i o n .  
F i g .  2 . 1 3 .  NonLineah model doh t h e  bhidge ampfi&.ibia Lclith &put 
&Xeti examjstc. 
A br idge a m p l i f i e r  was constructed and e x c i t e d  s i n u s o i d a l l y :  
D ( t )  = 0.5 + 0.25 s i n  wt  (2.12) 
The r e s u l t i n g  output  i s  shown i n  Fig. 2.14 f o r  100 Hz, 300 Hz, and 
750 Hz e x c i t a t i o n s .  A moderate amount o f  d i s t o r t i o n  occurs a t  100 Hz, 
the  d i s t o r t i o n  i s  l a r g e  a t  300 Hz, bu t  t h e  d i s t o r t i o n  i s  r e l a t i v e l y  
smal l  a t  750 Hz. Obviously, t h e  r e l a t i v e  magnitude o f  d i s t o r t i o n  and 
the  shape o f  the  ou tput  waveform change w i t h  frequency. Furthermore, 
the  peak d i s t o r t i o n  l e v e l  appears t o  occur i n  the  v i c i n i t y  o f  300 Hz, 
r a t h e r  than a t  dc. I n  consequence, a dc d i s t o r t i o n  ana lys is  i s  
insuf f ic ient ;  aC ef fects must be considered. This  behavior i s  t y p i c a l  
of many swi tch ing  ampl i f ie rs .  
Fig. 2.14. AM example 06  t h e  nomLinecm napcane  inhezen t  in ndcuitcking 
a m p f i 6 i m :  output  w a v e 6 o m  06  an open-loop 6 - i d y e  
ampfidietc w i t h  n i n u s o i d d  exo i taAon .  [a) t h e  o&p(~t  .i6 
modetratdy dintohted at 10OHi. ( b l  .the outpat  .i6 v m y  
dh-tohted ?d 300fiz. (c ]  t h e  did.tohtion compLzrrativeLy 
bm& at 750Hz. The dinXohtion obvioubly a 6utzct iotz 
04 Qiequency. 
We have seen t h a t  the  " i d e a l "  sw i tch ing  a m p l i f i e r  possesses the 
p rope r t i es  o f  an i d e a l i z e d  dc transformer, w i t h  tu rns  r a t i o  ad jus tab le  
v i a  a c o n t r o l  s igna l .  It i s  i n h e r e n t l y  a non l inear  device, and t h i s  
can cause d i s t o r t i o n  problems when l a r g e  s igna ls  are present. P r a c t i c a l  
sw i tch ing  a m p l i f i e r s  conta in  r e a c t i v e  components which can i n t e r a c t  
w i t h  the  non l inear  t ransformer element, causing frequency-dependent 
d i s t o r t i o n .  The opera t ing  environment o f  t h e  a m p l i f i e r  may conta in  
a d d i t i o n a l  impedances which can a l s o  i n t e r a c t  w i t h  the  sw i t ch ing  
a m p l i f i e r .  Thus, t h e  i d e a l  f i r s t - o r d e r  p rope r t i es  o f  sw i t ch ing  
a m p l i f i e r s  can lead t o  i n t r i c a t e l y  d i s t o r t e d  la rge-s igna l  output  
waveforms. 
How should t h i s  problem be analyzed? A t y p i c a l  problem may conta in  
many r e a c t i v e  elements, and hence becow q u i t e  complicated. I n  l i g h t  
o f  t h i s ,  i t  i s  apparent t h a t  i f  a r e s u l t  i s  t o  be usefu l ,  i t  should be 
design-or iented. Hence, we would p r e f e r  t o  draw l i n e a r  c i r c u i t  
models, Bode p lo t s ,  etc. ,  which y i e l d  i n s i g h t  i n t o  the  d i s t o r t i o n  
processes and prov ide an e f f i c i e n t  procedure f o r  t h e  reduct ion  o f  
d i s t o r t i o n  t o  an acceptable l e v e l .  For example, one would l i k e  t o  draw 
a Bode p l o t  s i m i l a r  t o  Fig. 2.9 which describes t h e  ampli tude and phase 
o f  each harmonic as a f u n c t i o n  o f  frequency. It would then be a 
s t ra igh t fo rward  mat te r  t o  choose component values which meet the 
spec i f i ca t i ons .  
Unfortunately,  the  above techniques were developed f o r  l i n e a r  
systems, so i t  appears impossible t o  analyze non l inear  phenomena such 
as d i s t o r t i o n  i n  t h i s  way. Apparently, one must r e s o r t  t o  the  s o l u t i o n  
of the  non l inear  d i f f e r e n t i a l  equat ions which descr ibe t h e  system, a 
hopeless task. The remainder o f  Par t  I describes a procedure which 
F i g .  2 . 1 5 .  The goat 06 t h e  d in toht ian  a t l d y n h :  m q n i t u d e  vn.  
daequencg p l o h  006 Zhe dominant componenh 06  .tilt oLLtp(Lt 
wavedotvn. A&? A&@& heatwen a t e  & b a e d ,  and .the 
dependence 06 t h e  d.b.tohtion or. .the vahioi~j  oi/rctLit 
&erne& . i 5  appmerzt. 
avoids t h i s  problem. Rather than s o l v i n g  the  non l inear  d i f f e r e n t i a l  
equat ions i n  exact closed form, an approximate ser ies  s o l u t i o n  i s  
sought. I n  most cases, the  f i r s t  few terms o f  t h i s  se r i es  y i e l d  an 
accurate approximation o f  the output  waveforms. The r e s u l t  o f  the 
procedure, described i n  the nex t  chapter, i s  a se r ies  o f  L i n m  
c i r c u i t  models, which may be solved us ing  standard techniques, y i e l d i n t j  
the  approximate ampli tude and phase o f  each harmonic. The ob jec t i ve  o f  
a design-or iented method f o r  t h e  p r e d i c t i o n  and reduct ion  o f  the 
d i s t o r t i o n  inherent  i n  sw i t ch ing  a m p l i f i e r s  i s  then rea l ized.  
CHAPTER 3 
ANALYSIS - SIMPLE HARMONIC DISTORTION 
3.1 I n t r o d u c t i o n  
I n  t h i s  chapter, the  model described i n  the previous sec t i on  i s  
r i g o r o u s l y  derived, and a step-by-step procedure i s  g iven f o r  the 
cons t ruc t i on  o f  t h i s  model f o r  any swi tch ing  a m p l i f i e r .  Only 
v a r i a t i o n s  i n  duty r a t i o  a re  considered here, al though t h e  same 
techniques cou ld  be app l ied  t o  v a r i a t i o n s  i n  o the r  q u a n t i t i e s  such as 
the  l i n e  vo l tage V i f  desired. The method used i s  a genera l i za t i on  o f  g 
the smal l -s igna l  continuous-mode state-space averaging technique [1,2] 
t o  inc lude l a r g e  s igna ls .  The non l inear  averaged s t a t e  equat ions which 
describe the  conyer ter  are def ined and then solved by use o f  a se r ies  
expansion. An add i t i ona l  assumption i s  then made which a l lows the 
neg lec t  o f  the  h igher-order  terms i n  the  expansion f o r  each harmonic. 
One may then cons t ruc t  a ser ies  o f  tineah &ccLit m c i d d ,  one f o r  each 
harmonic, which may be solved t o  y i e l d  the  approximate magnitude and 
phase o f  every harmonic component i n  the  output .  
3.2 Series Expansion o f  State Vector 
The f i r s t  s tep i s  the fo rmula t ion  o f  the  state-space desc r ip t i ons  
o f  the  system dur ing  the  two switched i n t e r v a l s .  During each i n t e r v a i ,  
the system may be described by a se t  o f  l i n e a r  d i f f e r e n t i a l  equat ions: 
d d t )  
K-= A x ( t )  + Big du r ing  i n t e r v a l  DTs 
d t  1 - 
dx( t 
K - -  - A x ( t )  + B 2 ~  dur ing  i n t e r v a l  D'TS 
d t  2 - 
where D = du ty  r a t i o ,  D' . . 1 - D. 
T = pe r iod  o f  one complete swi tch ing  cyc le .  S 
K i s  a m a t r i x  u s u a l l y  conta in ing  values o f  L and C. 
x - i s  a s t a t e  vector ,  u s u a l l y  comprised o f  capacitance voltages 
and inductance cur ren ts .  
u i s  a vec to r  o f  independent sources. 
- 
These equat ions may be solved exac t l y ;  however, the subsequent 
ana lys is  i s  g r e a t l y  s i m p l i f i e d  i f  t h e  usual state-space averaging 
approximations I1,2] a re  made. S p e c i f i c a l l y ,  i f  t h e  conver ter  na tu ra l  
f requencies are a l l  w e l l  below the  swi tch ing  frequency, then Eqs. (3.1 ) 
and (3.2) above have approximately l i n e a r  so lu t i ons .  This  i s  indeed 
the  case i n  wel l-designed converters, i n  which the swi tch ing  r i p p l e  
i s  small. An a d d i t i o n a l  consequence o f  t h i s  c o n d i t i o n  i s  t h a t  one may 
neg lec t  the sampling process inherent  i n  a l l  pu lse-width modulators. 
I n  o ther  words, the  ac tua l  d isc re te- t ime system may be transformed 
i n t o  a cont inuous-t ime system w i t h  n e g l i g i b l e  l oss  o f  accuracy i n  the 
open-loop t r a n s f e r  f unc t i ons  o f  the  power a m p l i f i e r .  This  i s  an 
important  s tep because i t  a l lows u s  t o  employ a frequency-domain 
approach i n  our  d i s t o r t i o n  ana lys is .  Otherwise, we could no t  speak o f  
a harmonic se r ies  a t  a l l .  
The r e s u l t  o f  these approximations i s  t h e  f o l l o w i n g  non l inear  
s t a t e  equat ion: 
This equat ion i s  non l inear  because the  i n p u t  D ( t )  and the  s t a t e  
vec tor  x ( t )  - appear m u l t i p l i e d  together.  A general c losed-form 
s o l u t i o n  i s  no t  known, and would probably be useless anyway. 
The a l t e r n a t i v e  i s  t o  f i n d  a ser ies  expansion o f  the so lu t i on .  
To do so, one requ i res  a parameter f o r  expansion. The l o g i c a l  choice 
when c a l c u l a t i n g  simple harmonic d i s t o r t i o n  i s  the  amplitude o f  the 
i n p u t  s ine wave. Therefore, de f i ne  
a c t )  = ac i n p u t  t o  system 
For the  ana lys is  o f  s imple harmonic d i s t o r t i o n ,  one assumes t h a t  the  
i n p u t  i s  a s ine  wave: 
G ( t )  = E s i n  w t  
E = amplitude o f  the  s inuso ida l  i n p u t  
Note t h a t ,  s ince 0 < D ( t )  < 1, E < 1/2 
- - - 
It i s  convenient i n  t h e  subsequent ana lys is  t o  d i s p l a y  the 
dependence o f  2 on E e x p l i c i t l y ;  hence def ine  
E 'f ( t )  = 2 ( t )  
Thus B ( t )  = s in  o t  
A sui table  parameter f o r  expansion, therefore,  i s  E .  We will perfonn 
a  "straightforward expansion" [3,4], writing the s t a t e  vector as  an 
i n f i n i t e  ser ies .  The hope i s  t h a t  convergence will be rapid and only 
the f i r s t  few terms will be s ignif icant .  Hence, l e t  
& ( t )  = X+, + ~ & ~ ( t )  + E ~ X _ ~ ( ~ )  + E ~ X  ( t )  + ... 
-3 
Substitution of Eqs. (3.4) - ( 3 . 7 )  in to  Eq. (3.3) yields 
+ j ( D o  + cd)B1 + (Do - E ~ ) B  ]u2 - (3.8) 
The individual components of the s t a t e  vector ~ ~ ( t )  may now be 
found by equating l ike  powers of E :  
t o  order EO 
where A = DoAl + D A B = DoBl + Do B2 0  2' 
x i s  the quiescent (dc) operating point. I t  has the same values as 
-0 
when calculated using the small-signal state-space averaging method 
t o  order E '  
where - c = (Al - A 2 ) k  + (B1 - B 2 ) g  
i s  the dominant l inear  component of the  s t a t e  vector. I t  i s  the ac 
quantity calculated by the small-signal state-space averaging method. 
Note t ha t  - c& i s  the l inear  forcing term. 
t o  order E* 
This i s  the  second order system. Note t ha t  i t  i s  a f inerv i  
di f fe ren t ia l  equation. i A l -  A2]&l& i s  the forcing term. If the order 
E' system has been solved, then the forcing term may be evaluated. The 
l inear  d i f fe ren t ia l  equation (3.11) i s  then solved to  find ~ ( t ) .  
t o  order E~ 
This is the  nth order system. Again note t ha t  i s  i s  eine&t. 
Knowing x ( t )  and & ( t ) ,  one may eas i ly  calculate  the forcing term 
a-1 
LAl - A J G - ~ ( ~ )  t f ( t ) .  The solution of the l inear  d i f fe ren t ia l  
equation (3.12) then yields  x ( t ) .  
a 
Thus, one obtains a l inear  system a t  each order of E. The 
solution of these systems i s  re la t ively straightforward since no 
nonlinear d i f fe ren t ia l  equations need be solved. However, i t  remains 
t o  put these equations i n  a form more accessible t o  the e l ec t r i ca l  
engineer. This may be done by reconstructing equivalent c i r c u i t  models 
for  the s t a t e  equations a t  each order of E, as i n  the next section. 
3.3 Linear Circuit Models 
In the above analysis a se r ies  of l inear  systems was derived which 
describes the waveforms present a t  each s t a t e .  No small-signal 
assumption was made; hence, the method i s  valid for  large signals and 
predicts harmonic dis tor t ion.  However, t h i s  se r ies  of l inear  systems 
i s  so f a r  merely a collection of equations. I t  i s  desirable to  find 
a more illuminating form for  the design of a switching amplifier. 
Namely, we would l i ke  t o  find some type of &cu-Lt modeL which describes 
the harmonic dis tor t ion generated, yet  re ta ins  the desirable l inear 
properties o f  the above mathematical representations. This can eas i ly  
be done; one merely reconstructs the l inear c i r cu i t s  described by the 
above s t a t e  equations a t  each order of E. This i s  done below for  the 
example of the boost converter i n  Fig. 3.1. 
Fig .  3 . 1 .  Simp& boast  c o n v e h t w  exumpLe. 
t o  o rder  e0 
Upon eva lua t ion  of Eq. (3.9) f o r  the boost example, one obta ins 
The corresponding c i r c u i t  i s  Fig. 3.2. A f t e r  c i r c u i t  manipulat ion,  
one obta ins  Fig. 3.3. This  i s  the  usual dc model. It i s  a l s o  the  
zero-order term i n  our  la rge-s igna l  expansion. One may solve f o r  the 
nominal q u a n t i t i e s  i0 and vO, t a k i n g  i n t o  account p a r a s i t i c  elements 
such as RL i f  desired. 
FG. 3 . 2 .  caCLLit uiIWSh mode& t h e  dc IqcLiacentJ coi : ; t i t io iz~ b~ 
boost example .  
Fig .  3 . 3 .  S h p f i ~ i e a t i o n  06 t h e  d c  model 0 6  F i g .  3.2. 
t o  o rder  E' 
Evaluat ion o f  Eq. (3.10) y i e l d s  
The corresponding c i r c u i t  i s  g iven i n  Fig.  3.4. This i s  the  usual 
smal l  s i g n a l  model which accaunts f o r  du ty  r a t i o  v a r i a t i o n s  b u t  n o t  
v a r i a t i o n s  i n  V o r  o the r  independent sources. 9 
F Q .  3.4.  CLtCLLit w k i r h  mudeed t h e  &ht-o'tdeti ( ~ u n h e t t t d !  
cornpona&5 i n  .the boont example. 
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I t  i s  a l so  the f i r s t -o rder  term in our large-signal expansion. One may 
solve fo r  f i r s t -o rder  variat ions in s t a t e  quant i t ies  ( i . e . ,  i l  and vl) .  
In general, these are a l l  sinusoids a t  the fundamental frequency L, b u t  
with d i f fe ren t  amplitudes and phase of f se t s :  
b ( t )  = s in  ~t 
with 
t o  order e 2  
Upon evaluation of Eq. (3.11), one obtains. 
(3.16) 
The corresponding c i r cu i t  i s  shown in Fig. 3.5. This i s  the f i r s t  new 
resu l t  of the present analysis.  Note the s imi la r i ty  w i t h  the f i r s t -  
order model; only the independent generators d i f f e r .  This system i s  
&neat, yet  i t  y ie lds  information about second-order notz&nc&ti%i~ 
fig. 3 . 5 .  c i t L U  wfuch mod& %he second-ohdek (dc and second 
ha'imovkei component3 .in %he boon% exampee. 
of the power amplifier. In par t i cu la r ,  one may calculate  the 
approximate magnitude of the second harmonic using t h i s  model. 
Note t h a t ,  since the c i r c u i t  elements a re  connected i n  the same 
way, the  poles of the  second-order system will  be the same a s  the poles 
of the f i r s t -o rder  system. However, the amplitudes and phasings of 
the generators are not the same, so the zeroes will i n  general be 
dif ferent .  I f  the f i r s t -o rder  model has been solved, then tne 
quant i t ies  v l ( t ) b ( t )  and i l ( t ) 8 ( t )  a re  known and are of the form 
v 1 8 -131 sin ( d  +/$) s in  ht, 
i 1 6 -121 s in  (.t +L&) s i n  ( u t )  
which involves the product of two sinusoids. The application of a 
trigonometric iden t i ty  yie lds  
where 
10 = - T T  ivl 1 s i n  (/+ - ) 
I'll s i n ( 2 w t  -;I V12 = '2 r- 
10 = - T  1 F s i n  - i 
j 12 = 1 1  2  tr s j n ( Z u t + i k  -;) 
x = t h e  r e s u l t i n g  dc component o f  l i 2 ( t )  
-2 0 
x ( t )  = t h e  r e s u l t i n g  second harmonic component o f  ~ ~ ( t ) .  
-2 2 
Def ine 
Note t h a t  
- - 
h ' * - ' t o '  'It . . . ""1 I 1 I I + 
F i g .  3.6. The 6&R b-tep in .the s imp&&ica t ion  0 6  .the hecond-ondeh 
model: s p U  .the n o n l h e a n  geneaatom . into .theit d c  
componenLb (V10 and ilo) and second h m o r u c  componen-tn 
(V, and i12). 
Thus, t he  non l i nea r  generators i n  Fig. 3.5 may be reso lved i n t o  
t h e i r  dc components v10 and iL0, and t h e i r  second harmonic components 
v and i , as i n  Fig. 3.6. Furthermore, s ince  the  r e s u l t i n g  12 12 
second-order system i s  l i n e a r ,  t h e  p r i n c i p l e  o f  l i n e a r  superpos i t ion  
holds; i n  consequence, t he  dc and second harmonic components may be 
solved separa te ly  as i n  F ig.  3.7. 
Fig. 3 . 7 .  The second nfep .in -the nLmpLi6ic&CLon 0 6  Xke becond orid&l 
model: ULith .the use 0 4  L i n m  hupenpos.itio~z, CaecLLeCLte 
.the d c  componentn la )  and second hanmonic compun&5 
I61 s e p a n a t d y .  
Fig. 3.8. CinclLit which mod& t h e  n- th  o ~ d s t r  ( n  - > 2 ) eornpot?en&5 i n  
.the boob2 example. 
t o  o rder  E ~ .  
Eva lua t ion  o f  Eq. (3.12) y i e l d s  
The corresponding c i r c u i t  model i s  g iven i n  Fig. 3.8. I n  general ,  the 
n- th-order  model i s  o f  t he  same form as the  second-order model; o n l y  
t h e  subscr ip ts  are changed. The ampl i tude and phase o f  vn and in 
depend on t h e  ampl i tude and phase o f  v ~ - ~  and in-l, as w e l l  as t he  
c i r c u i t  elements. The c i r c u i t  topology and element values remain the 
same, independent o f  n. The n t h  order  c i r c u i t  model y i e l d s  i n fo rma t i on  
about n t h  order  n o n l i n e a r i t i e s  o f  t h e  system; i n  p a r t i c u l a r ,  one may 
c a l c u l a t e  t he  approximate magnitude and phase o f  the n t h  harinonic 
us ing  t h i s  model. 
If the order E"-' model, has been solved, then the quant i t ies  
v ( t )  a t )  and i ( t )  b( t )  are known. I n  general 
n-l  n-1 'n-1 ( t )  and 
i ( t )  contain even harmonics of frequencies 0 ,  20, 43, . . . (n-l), 
n-1 
fo r  n odd, or  odd harmonics of frequencies w, 30, 513, ... (n-1 )iu 
for  n even. Hence, the generators in the order E* model contain terms 
of the form 
k = {  
0, 2 ,  4 ,  ... n f o r n  even 
1 ,  3, 5, ... n f o r n  odd 
In other words, the n - t h  order system contains even harmonics for  n 
even and odd harmonics for  n odd, as sumnarized in Table 3.1. 
The n - t h  order system may now be solved by the same procedure used 
for  the second-order system. The generators are f i r s t  resolved into  
t he i r  d i f fe ren t  frequency components, as  i n  Fig. 3.9. Linear 
superposition i s  then employed t o  calculate each component separately,  
as  in Fig. 3.10. 
Thus, by adapting the small-signal state-space averaging method 
t o  include large s ignals ,  one may analyze the simple harmonic 
dis tor t ion generated by a switching amplifier. The method employs the 
key state-space averaging approximations which require the converter 
natural frequencies t o  be we1 1 below the switching frequency. However, 
the small signal approximation i s  not used; instead, a se r ies  
expansion of the s t a t e  vector i s  made. The r e su l t  i s  a s e r i e s  of 
finem equations which may be solved consecutively, yielding the 
amplitude and phase of any harmonic component of the output. Moreover, 
a se r ies  of e i n m  ~,&ccLit mod& may be reconstructed from these 
equations which yield additional ins ight  i n to  the operation of the 
frequency 
component 
order 
0 
E 
- 
c1 
-
c 2  
-
c 3  
-
E 
- 
E 
- 
Table 3.1. Summary of the frequency components present i n  the order 
E* model, and the i r  dependence on the components present 
i n  the order E*-' model 
FG. 3.9. The $2~.32 biep in t h e  b&p&.dicat.ion od t h e  n- th  ohdm 
mod&: he6oLve t h e  novLeivleah gatenatohn &to t h h  
v d o u n  h m o n i c  componed.  
F 3.10. The becond b iep  i n  t h e  b&pLi~iccLtian od t h e  n-.th otrde?r 
model: utith t h e  me 05 &inem supehponfion, cd&e 
each harmoiuc eomponetzt nepamteLg. 
c i r c u i t .  Standard l inear  c i r c u i t  analysis techniques may then be 
used. 
The method a s  i t  stands t o  t h i s  point requires the solution 
of the c i r c u i t  model a t  each order in the s e r i e s  separately. For 
example, t o  estimate the second harmonic, one must f i r s t  evaluate 
the zero-order c i r c u i t  a t  dc. The solutions for  % obtained are then 
inserted i n to  the f i r s t -o rder  c i r c u i t  model, and i t  i s  evaluated a t  the 
fundamental frequency. These f i r s t -o rder  solutions (x ) are next 
-1 
inserted in to  the second-order c i r cu i t  model and i t  i s  solved a t  the 
second-harmonic frequency, yielding the desired solution x-*. Then, 
t o  order c 2 ,  the  t o t a l  solution fo r  x ( t )  - given by Eq.  ( 3 . 7 )  i s  
+ EX ( t )  + &'X+,(t). % -1 
Needless t o  say, t h i s  procedure may become tedious fo r  orders of 
c larger  than two or three. In the next section,  we will see how to  
t rans la te  the  frequency of the nth-order model down t o  the fundamental, 
thus allowing the evaluation of the en t i r e  s e r i e s  of c i r c u i t  models t o  
Lte done a t  the fundamental frequency. In addition, we will approximate 
the  s e r i e s  solution fo r  each harmonic by i t s  lowest-order term. The 
se r i e s  of models may then be combined in to  one large c i r c u i t  model and 
solved in one s tep.  
3.4 An Add i t iona l  S i m p l i f i c a t i o n  
As s ta ted  prev iously ,  the ob jec t i ve  o f  t h i s  ana-lysis i s  t o  ob ta in  
expressions f o r  the  magnitude o f  the var ious harmonic d i s t o r t i o n  
components as a  func t i on  o f  frequency. I n  p a r t i c u l a r ,  i t  i s  desi red 
t o  draw Bode p l o t s  f o r  each harmonic, as i n  Fig. 2.15. Note t h a t  a l l  
s a l i e n t  fea tures  o f  the  response are labeled; i n  consequence, the  
dependence o f  each harmonic on the element values i n  the system i s  
apparent, and the  r e s u l t  i s  design-or iented. 
Since the  r e s u l t  o f  the  ana lys is  i n  Sections 3.2 and 3 . 3  i s  a  
se r ies  o f  l i n e a r  c i r c u i t  models, most o f  the use fu l  techniques o f  l i n e a r  
c i r c u i t  theory  may be appl ied, i n c l u d i n g  the  d e r i v a t i o n  o f  s inuso ida l  
t r a n s f e r  f unc t i ons  and the  cons t ruc t i on  o f  Bode p lo t s .  However, there 
i s  one compl icat ion which a r i ses  owing t o  the  necess i ty  o f  eva lua t i ng  
each c i r c u i t  model a t  a  d i f f e r e n t  frequency: the  r e s u l t i n g  " t r a n s f e r  
f unc t i ons "  must be evaluated p a r t i a l l y  a t  the fundamental frequency, 
p a r t i a l l y  a t  the  second harmonic frequency, and so on. For example, 
the  order  c3 th i rd-harmonic component o f  t h e  ou tput  o f  the br idge 
a m p l i f i e r  i n  Fig. 2.4b may be found by a p p l i c a t i o n  o f  t h i s  method; the 
r e s u l t  i s  
where ZS(s), Zi(s), and H(s) are var ious impedances and t r a n s f e r  
f unc t i ons  i n  t h e  a m p l i f i e r .  Note t h a t  Zi(s) i s  evaluated a t  the  
fundamental frequency, Zs(s)  a t  the  second harmonic, and H(s) a t  the 
t h i r d  harmonic. Thus, even though the in termediate models a t  each 
order  o f  E a re  l i n e a r ,  the  complete model i s  n o t  e n t i r e l y  l i n e a r  and 
expressions f o r  the  harmonics such as Eq. (3.23) are n o t  evaluated a t  
a s i n g l e  frequency. It i s  des i rab le  t o  e l i m i n a t e  t h i s  remaining 
n o n l i n e a r i t y  from the  model; a l l  s inuso ida l  t r a n s f e r  f unc t i ons  would 
then be evaluated completely a t  the  fundamental frequency. 
It i s  a l so  des i red  t o  approximate each harmonic by i t s  lowest- 
o rder  term. For example, the  fundamental component o f  t h e  s t a t e  
vec tor  i s  
e l ( t )  + ~ ~ ~ _ 3 ~ ( t )  + E'Y.+~(~) + ... (3.24) 
I f  t h i s  se r i es  converges r a p i d l y  enough, then i t  may be approximated 
by i t s  lowest-order term, ~x_l( t) .  A s i m i l a r  argument holds f o r  a l l  
o the r  harmonics, w i t h  the  r e s u l t  t h a t  the  n - t h  harmonic i s  
approximated by  ~~%, ( t ) .  This i s  summarized i n  Table 3.2. The 
ana lys is  i s  g r e a t l y  s i m p l i f i e d  w i t h  t h i s  approximation. 
It now becomes a s t ra igh t fo rward  mat te r  t o  modi fy  the  model so 
t h a t  i t  i s  evaluated e n t i r e l y  a t  the fundamental frequency; one merely 
s h i f t s  the  frequency o f  each h igher-order  model by an appropr ia te  
amount. The mechanics of t h i s  frequency s h i f t  i n v o l v e  the s u b s t i t u t i o n  
o f  e f f e c t i v e  vectors x  ^ f o r  the  n- th-order  s t a t e  vec tors  %n def ined 
a 
prev ious ly .  These e f f e c t i v e  vectors have the same magnitude as 
a 
t h e i r  counterpar ts  sn, but are evaluated a t  the  fundamental frequency 
ins tead o f  a t  the  n - t h  harmonic. One may thus solve t h e  r e s u l t i n g  
l i n e a r  c i r c u i t  models us ing  standard techniques a t  the  fundamental 
frequency 
component 
order 
-
E = 
- 
E 
- 
cLI 
-
E 
- 
Table 3 .2 .  Summary of the frequency components present in  the 
approximate model. Each harmonic i s  approximated by i t s  
lowest-order tenn. 
frequency, y e t  f i n d  t h e  amplitude and phase o f  each harmonic. 
The d i f f e r e n t i a 1  equat ions which descr ibe x ( t )  and ~ ~ ~ ( t )  are 
-1 
as fo l lows:  
This f o l l ows  from Eqs. (3.9-3.11) and (3.20). We now s h i f t  
the  frequency o f  ~ ~ ~ ( t )  by performing the  s u b s t i t u t i o n  
Eqs. (3.25 abc) then become 
Note t h a t  g 2 ( t )  now conta ins components on l y  a t  the  fundamental 
frequency, bu t  w i t h  the  same ampli tude as the second harmonic component 
o f  ~ ' & ~ ( t ) .  The phase i s  a l s o  the  same, except i t  i s  s h i f t e d  by -90'. 
The approximate amplitude and phase o f  the  fundamental a re  found by 
eva lua t ing  Eq. (3.276) a t  the  fundamental frequency. The ampli tude and 
phase of the  second harmonic are found by eva lua t ing  Eq. ( 3 . 2 7 ~ )  a t  
the  fundamental frequency also; a t  the  end o f  the  ana lys is  we s imply 
note t h a t  the  amplitude o f  the  second harmonic i s  the  same as the 
magnitude o f  & ( t ) ,  and the  phase d i f f e r s  by -90'. 
The r e s u l t  may e a s i l y  be general ized t o  the  h igher  order  case: 
x conta insharmonics1,3,5 ,... n f o r o d d a n d 0 , 2 , 4  ,... n f o r n e v e n .  
a 
A l l  harmonics are u s u a l l y  n e g l i g i b l e  except f o r  t h e  n th ,  de f ined by 
Again, t h i s  i s  u s u a l l y  a good approximation s ince the  components we 
neg lec t  are o f  h igher  order  than the  dominant component which i s  kept.  
I f  desired, an extension o f  t h i s  procedure may be used t o  ca l cu la te  
the  e x t r a  c o r r e c t i o n  terms due t o  these add i t i ona l  harmonics. 
I n s e r t i o n  o f  Eq. (3.28) i n t o  Eq. (3.12) y i e l d s  
d A  nK - x ( t)  = &-(t) + 5 (Al - A2) i&(t) d t  3 
has t h e  same amplitude as t h e  dominant component o f  the n t h  
harmonic. I t s  phase d i f f e r s  by -(n-1)9O0. 
The h igher-order  c i r c u i t  model corresponding t o  Eqs. (3.27b), 
(3.27~1,  and (3.29) f o r  our boost example now becomes Fig. 3.11. The 
complete s e t  o f  l i n e a r  s t a t e  equat ions which describes the  dominant 
cmponent o f  each harmonic i s  g iven below: 
Thus by consider ing on ly  t h e  element component o f  each harmonic 
and by s h i f t i n g  the  frequency o f  t h e  harmonics ( i  .e., the  h igher-order  
models) down t o  t h e  fundamental frequency, a compLe.tdq Linean. s e t  of 
d i f f e r e n t i a l  equat ions i s  der ived which p r e d i c t s  the  simple harmonic 
d i s t o r t i o n  inherent  i n  swi tch ing  a m p l i f i e r s .  L inear  c i r c u i t  models 
such as Fig. 3.11 may now be constructed and then solved us ing 
standard phasor techniques, evaluated a t  the  fundamental frequency. 
Bode p l o t s  may be drawn f o r  each harmonic, and design c r i t e r i a  found 
f o r  t h e  reduct ion  o f  t h i s  d i s t o r t i o n  t o  an acceptable l e v e l .  An 
example o f  t h i s  procedure i s  g iven i n  Chapter 5. 
Fig. 3 . 1 1 ~ .  
Fig. 3.11. The tien& 06 t h e  bimimp&~.ication pzocenb: ( a )  a b d u  06 
h e m  cin& mod&, evaluated at t he  &indamentat 
dtieyuencg, wkich appmxhate  t h c  amp&%de and p k 5 e  0 6  
t h e  dundame&&, ~ecand hatvnonic, and n-tit hanmatuc 
cornpone&; 16) an eqLLivdeiLt hepaen euLtation, wLth %he 
dependent genehatom t iepkced by .idea z w u d o t u n m .  
3.5 Discussion 
Upon inspec t i on  o f  Fig. 3.11, one observes the f o l l o w i n g  
q u a l i t a t i v e  features. F i r s t ,  an e x t r a  s e t  o f  s ta tes  i s  added f o r  each 
h igher  order  ca lculated.  However, because o f  the  s t r u c t u r e  o f  
Eq. (3.30) i t  i s  a  simple mat te r  t o  cons t ruc t  these h igher-order  models. 
The topology o f  each model i s  the  same, b u t  the  L ' s  and C's are 
m u l t i p l i e d  by n. As a  r e s u l t ,  the n a t u r a l  f requencies (po les)  merely 
s h i f t  down i n  frequency by a  f a c t o r  o f  n; the  associated Q- fac tors  
remain the  same. Thus, t h e  poles may be drawn by i nspec t i on  i f  the 
f i r s t - o r d e r  response i s  known. However, the zeroes change and may no t  
be drawn as e a s i l y .  
These fea tures  may be expla ined as fo l l ows :  Combination o f  
Eqs. (3.3) and (3.4) y i e l d s  
non l inear  term 
The non l inear  term has t h e  form (A1 - A 2 ) x ( t ) c d ( t ) .  I f  t h i s  term i s  
small i n  magnitude, then the  d i f f e r e n t i a l  equat ion i s  n e a r l y  l i n e a r  and 
hence we expect d i s t o r t i o n  t o  be smal l .  The converse a lso  app l ies :  
i f  t h e  non l inear  term i s  large,  we expect t o  have a  l a r g e  amount o f  
d i s t o r t i o n .  
One way t o  make the non l inear  term l a r g e  i s  t o  make d ( t )  la rge .  
I n  o the r  words, inc reas ing  the i n p u t  ampl i tude E tends t o  increase the 
amount o f  harmonics a t  t h e  ou tput :  dc asymptotes increase. 
Anotner way t o  increase the nonlinear term i s  t o  increase 
(Al - A 2 ) ~ ( t ) .  Thus ,  a resonance which causes ~ ( t )  t o be large will 
probably resu l t  in increased harmonics. Likewise, the poles of the 
f i r s t -order  system should also appear in a l l  higher-order systems. 
Harmonics are a l so  affected by the L-C f i l t e r .  Hence, the poles 
of the f i rs t -order  system occur shifted down an octave in the second- 
order system, down a factor  of three in the third-order system, e tc .  
This accounts for  the extra s e t  of poles added a t  each higher-order 
system. 
The phasings and positions of the generators account for  the 
zeroes. For example, i f  the  generators are scaled and phased just 
r ight ,  a null could occur ( i . e . ,  resonant zeroes). So the zeroes of 
the higher-order models a r e  not a s  closely re la ted t o  the f i rs t -order  
model as are  the poles. 
As an  example of the behavior predicted by the model, the functions 
GI/;, j2/;, and i3/a are  plotted i n  Fig. 3.12 for  the boost converter 
example of Fig. 3.13. Also, the locations of the poles and zeroes for  
t h i s  example are sumnarized i n  Table 3.3. 
I t  can be seen tha t  the fundamental response contains the familiar 
two poles and  one right-half-plane zero of the small -signal t ransfer  
function [1,2]. This i s  expected because a l l  fundamental-frequency 
terms of higher order have been neglected. 
The "second harmonic response", G2/d, contains four poles and two 
zeroes. Note tha t  the peak second harmonic dis tor t ion occurs around 
700 Hz ra ther  than a t  dc. A dc dis tor t ion analysis would give 
Rmp . 
(dB) B o o s t  l s t ,  2 n d , 3 r d  O r d e r  Vc 
Phase 
(deg, 
4 
i 
4E - - 
i- Fundamental 4 
--',+ 
- 
d 
Fig. 3.12.  Paedioted &~eyuency depe.ndence_od $he dundamentd, becand, 
a n d  .tl&d ha&non.ie component% v v2, and c3, don -the 
bao4.t tonve,t ta euampLe. The p h e  4kih . t  oh -(n-1)90" 
not y& accounted do*. 
Poles 
. . 
V1 two po les  a t  1.17 kHz 
-
,- 
d w i t h  Q o f  1.2 
A 
V2 two po les  a t  1.17 kHz 
A 
d w i t h  Q o f  1.2 
two po les  a t  586 Hz 
w i t h  Q o f  1.2 
A 
v 3 two po les  a t  1.17 kHz 
-
2 w i t h  Q o f  1.2 
two po les  a t  586 Hz 
w i t h  Q o f  1.2 
two po les  a t  391 Hz 
w i t h  Q o f  1.2 
Zeroes 
RHP zero  a t  4.1 kHz 
RHP zero  a t  264 Hz 
LHP zero  a t  1.25 kHz 
RHP zero  a t  23.5 Hz 
LHP zero a t  600 Hz 
RHP ze ro  a t  8.3 kHz 
v 
v1 V2 3 Table 3.3. S a l i e n t  f e a t u r e s  o f  7,-;-, 
d d d 
pred ic t i ons  approximately 6 dB too  low a t  700 Hz. 
n 
The " t h i r d  harmonic response", v3/d, conta ins s i x  poles and three 
zeroes. Note t h a t  the  f i r s t  zero occurs a t  23.5 Hz, a f a c t o r  o f  50 
lower i n  frequency than the  smal l -s igna l  system poles!  Hence f o r  t h i s  
example, a dc ana lys is  c o r r e c t l y  p r e d i c t s  the t h i r d  harmonic 
amplitude o n l y  f o r  fundamental f requencies l ess  than the 1/50 o f  the 
smal l -s igna l  poles. Furthermore, the peak occurs i n  the v i c i n i t y  o f  
400 Hz a t  approximately 24 dB above the  dc value. It i s  c l e a r  from 
t h i s  example t h a t  (1) a dc d i s t o r t i o n  ana lys is  i s  n o t  s u f f i c i e n t  f o r  
the  p r e d i c t i o n  o f  peak simple harmonic d i s t o r t i o n  l eve l s ,  and (2)  
harmonic d i s t o r t i o n  components may change s i g n i f i c a n t l y  i n  amplitude 
over frequencies where t h e  fundamental response i s  f l a t .  Hence, i t  
i s  i n c o r r e c t  t o  assume t h a t  a dc d i s t o r t i o n  ana lys i s  i s  v a l i d  f o r  a l l  
f requencies where the  smal l -s ignal  response i s  a t  i t s  dc asymptote. 
For completeness, i t  should be noted t h a t  s t ra igh t fo rward  
expansions o f  the  type used i n  Eq. (3.7) may diverge, o r  may converge 
so s lowly  t h a t  they are useless. This i s  a well-known phenomenon 
13,4,5] and i nd i ca tes  t h a t  a d i f f e r e n t  type o f  approximation method 
must be used. As an example o f  t h i s  behavior, the model was evaluated 
f o r  a boost conver ter  w i t h  two d i f f e r e n t  sets o f  c i r c u i t  element values 
and du ty  r a t i o  e x c i t a t i o n .  
The f i r s t  c i r c u i t  considered i s  the  same boost conver ter  used i n  
Fig. 3.13. A l l  components t o  order E' were ca l cu la ted  f o r  a duty  
r a t i o  e x c i t a t i o n  o f  amplitude E = .15 and frequency 300 Hz. The 
r e s u l t  i s  g iven i n  Table 3.4. It can be seen t h a t  the se r ies  converges 
Order 
1 
2 
3 
3 
4 
4 
5 
5 
5 
6 
6 
6 
7 
7 
7 
7 
Harmonic 
1 
2 
1 
3 
2 
4 
1 
3 
5 
2 
4 
6 
1 
3 
5 
7 
h p l i  tude(vo1 t s )  
3.23 
.518 
.0791 
. I26 
.0359 
.0374 
.00535 
.0163 
.0102 
.OD351 
.00608 
.00240 
.000505 
.00179 
.00183 
.000504 
Table 3.4. Boost example # l .  Amplitude and phase of  a l l  components 
of the  output  ( capac i to r  vol tage)  t o  order  E'. Dc terms 
a r e  not  included. 
Order Harmoni c 
1 1 
2 2 
3 1 
3 3 
4 2 
4 4 
5 1 
5 3 
5 5 
6 2 
6 4 
6 6 
7 1 
7 3 
7 5 
7 7 
8 2 
8 4 
8 6 
8 8 
Table  3.5. 
Table 3.5 continued 
Order 
-
Harmonic Amplitude(vo1 t s )  Phase(degrees) 
Table 3.5. Boost Example #2.  Anplitude and phase of various 
components of  t h e  output  ( capac i to r  vo l t age ) ,  a s  predicted 
by t h e  s t ra ight forward  expansion method. Dc terms a r e  
not  included. 
r a p i d l y ,  the  system i s  well-behaved, and t h a t  the  approximation o f  
the  n - t h  hannonic by E" x ( t ) ,  as noted i n  Sect ion 3.4, i s  v a l i d .  
lm 
The method g ives very good r e s u l t s  i n  t h i s  case. 
The second c i r c u i t  considered i s  a l so  a boost conver ter ,  bu t  
w i t h  d i f f e r e n t  c i r c u i t  element values and du ty  r a t i o  e x c i t a t i o n .  The 
values are  chosen such t h a t  t h e  system e x h i b i t s  a resonant response 
( the  smal l -s igna l  model p r e d i c t s  two complex poles a t  2467 Hz w i t h  a 
Q o f  4.5), and the system i s  d r i ven  w i t h  hard e x c i t a t i o n  near 
resonance. A l l  components t o  order  E" were ca l cu la ted  and are 
summarized i n  Table 3.5. The se r ies  diverges f o r  t h i s  example! The 
reason f o r  t h i s  divergence i s  known as t h e  "problem o f  smal l  d i v i s o r s "  
141. I f  desired, another technique such as the  Krylov-Bogoliubov 
method [4,5,44,45,46] may be used here i n  p lace o f  t h e  s t ra igh t fo rward  
expansion. However, p r a c t i c a l  sw i tch ing  a m p l i f i e r s  normal ly  must 
e x h i b i t  a well-damped and reasonably l i n e a r  response. The s t r a i g h t -  
forward expansion converges r a p i d l y  f o r  such systems and i s  p re fe r red  
because o f  the  c i r c u i t - o r i e n t e d  nature o f  t h e  r e s u l t .  
3.6 Step-by-step Surmary of t h e  Procedure 
For reference, the procedure f o r  cons t ruc t i ng  c i r c u i t  models o f  
t h e  form i n  Fig. 3.11 i s  sumar i zed  here: 
1. Using K i r c h o f f ' s  laws, f i n d  t h e  s t a t e  equat ions o f  the 
system, f i r s t  du r ing  swi tch ing  i n t e r v a l  DT then dur ing  
s 
i n t e r v a l  D'TS. k l r i t e  the s t a t e  equat ions i n  the  f o l l o w i n g  
ma t r i x  form: 
dx( t ) 
K -= A x ( t )  + Big d t  1 - during DTS 
dx( t 
K - = A x ( t )  + B2s d t  2 - during D'TS 
2. Evaluate the matrices A, B ,  and (A1 - A 2 ) ,  where 
3. Write out the zero-order, f i r s t -o rde r ,  and nth-order s e t  of 
s t a t e  equations which describe the dominant component of 
each harmonic present, as follows: 
4. Reconstruct c i r c u i t  models which s a t i s f y  the loop and node 
equations of Eq. (3.34). These c i r c u i t  models may now be 
manipulated as desired. x+, i s  the nominal (dc) value of the 
s t a t e  vector. il is the f i r s t -o rder  ( l i nea r )  component of the 
s t a t e  vector. & i s  a n e f f e c t i v e  vector, evaluated a t  the 
fundamental frequency w, whose amplitude i s  the same as tne 
dominant component o f  the  n t h  harmonic (n  - > 2 ) .  The phase of < 
A d i f f e r s  from the  phase o f  the  n t h  harn~onic by -(n- l)9i1°.  may be 
evaluated us ing  l i n e a r  techniques i n  t h e  same way t h a t  i s  
evaluated. 
CHAPTER 4 
AN EXTENSION - INTERMODULATION DISTORTION 
4.1 I n t r o d u c t i o n  
The prev ious chapter considered the simple harmonic d i s t o r t i o n  
which occurs when the  duty r a t i o  i s  modulated by a s i n g l e  s ine  wave. 
This  i s  t h e  most bas ic  measure o f  t he  n o n l i n e a r i t y  o f  a system and i n  
many a p p l i c a t i o n s  such as a va r iab le  speed ac motor d r i v e  o r  
u n i n t e r r u p t i b l e  power supply, where the system i s  on l y  intended t o  
produce a s i n g l e  s ine  wave, i t  i s  s u f f i c i e n t .  
I n  general,  however, t he  n o n l i n e a r i t y  may produce o ther  
ob jec t ionab le  forms o f  d i s t o r t i o n  when the  i n p u t  t o  the  system i s  more 
complicated, and a number o f  methods have been devised t o  measure t h e  
d i s t o r t i o n  produced by an a m p l i f i e r  under more general cond i t ions .  The 
most w ide ly  known of these i s  c a l l e d  in te rmodu la t ion  d i s t o r t i o n ,  which 
r e f e r s  t o  the  d i s t o r t i o n  produced when n o t  one bu t  two s ine  waves a t  
d i f f e r e n t  frequencies are  i n j e c t e d  i n t o  the  system simultaneously. I n  
general,  these two s ine  waves may both  be i n j e c t e d  through the du ty  
r a t i o ,  o r  one may en te r  t he  system through the  du ty  r a t i o  and one f rom 
an independent source such as the  l i n e  vol tage.  Only the former case 
w i  11 be considered here. 
By genera l i za t i on  o f  the  method o f  t h e  prev ious chapter,  one 
obta ins a se r ies  expansion f o r  the  s t a t e  vec to r  when two s ine  waves 
are i n j e c t e d  i n t o  the  system. A completely l i n e a r  s e t  o f  s t a t e  
equations occurs a t  each order;  hence, l i n e a r  techniques may be used 
t o  ca l cu la te  each component o f  the  in te rmodu la t ion  d i s t o r t i o n .  I n  
p a r t i c u l a r ,  l i n e a r  c i r c u i t  models may be drawn which r e s u l t  i n  a 
design procedure more e a s i l y  accessib le t o  the  engineer. 
4.2 Mathematical Descr ip t ion  
The basic  non l inear  d i f f e r e n t i a l  equat ion which describes the 
system i s  g iven by Eq. ( 3 . 3 ) ,  repeated here f o r  conveniences: 
The du ty  r a t i o  i s  now t o  be modulated by two independent s ine  
waves ins tead o f  one. Hence, de f i ne  
where Do = nominal du ty  r a t i o  
A 
d ( t )  = E~ sin, t 1 1 
E, = ampli tude o f  t h e  f i r s t  s i nuso id ina l  i n p u t  
E, = ampl i tude o f  t h e  second s inuso id ina l  i n p u t  
It i s  convenient i n  the subsequent ana lys is  t o  d i s p l a y  the dependence 
A A 
of dl and d2 on E~ and E~ e x p l i c i t l y ,  as fo l l ows :  
Thus 
d (t) = sinolt 1 
B ( t )  = s inw2t  2 (4.5) 
Our expansion w i  11 the re fo re  i n v o l v e  two ampli tude parameters, 
E~ and E ~ .  AS before, we w i l l  perform a " s t ra igh t fo rward  expansion", 
w r i t i n g  t h e  s t a t e  vec tor  x ( t )  - as an i n f i n i t e  ser ies.  Since there are 
now two parameters f o r  expansion, we ob ta in  an i n f i n i t e  se r i es  i n  each 
parameter, corresponding t o  t h e  simple harmonic d i s t o r t i o n  generated 
separate ly  by each input ,  p lus  cross m u l t i p l i c a t i o n  terms 
corresponding t o  t h e  in te rmodu la t ion  d i s t o r t i o n .  Hence, l e t  
I n s e r t i o n  o f  Eqs. (4.2) and (4.6) i n t o  the  basic  s t a t e  equat ions (4.1) 
y i e l d s  
The individual components of the s t a t e  vector may now be found by 
equating l ike  powers of E, and E ~ .  The zero-order equation does not 
d i f f e r  from the simple harmonic case; i t  i s  given by Eq .  (3.9).  
t o  f i r s t  order 
d K - x ( t )  = Ax_l + &TI d t  -1 
d K - x ( t )  = Ax + &d2 d t  -2 -2 
where - c = (A1 - A2)x+, + (B1 - B2)k 
x and L~ are the  f i r s t -o rder  l inear  components of the s t a t e  vector 
-1 
occurring a t  the fundamental frequencies o and o respectively.  1 2 
t o  second order 
x and &22 are the components of the s t a t e  vector containing the 
-1 1 
second-order harmonics of g1 and d2 respectively. These quant i t ies  may 
oe calculated separately using the simple harmonic d i s to r t ion  analysis 
method of Chapter 3 .  However, x i s  the  second-order cross 
-1 2 
multiplication term and i s  the f i r s t  new resu l t  of t h i s  section.  I t  
contains components a t  the sum and difference frequencies w + w and 1 2 
o - w Again, note t ha t  Eqs. ( 4 . 9 )  are l inear ;  i f  the f i r s t -o rder  1 2 '  
systems have been solved, then the forcing terms [A1 - A2]$T may be 
evaluated. The l inear  d i f fe ren t ia l  equations above a re  then solved 
using standard techniques t o  find the second-order terms. 
t o  th i rd  order 
d 
K  - d t  -111 x ( t )  = %11 + iA1  - A 2 1 ~ l i 1 1 6 1  
d K  - x ( t )  = Ax,,, + l A l  - A21(&11f2 + iL12Cl) d t  -112 
d K - x  d t -122 ( t ) = ~ 2 2 + ~ A 1 - A 2 1 ( E 2 2 d l + ~ 1 2 d 2 )  
Ell1 and x  are the components of the s t a t e  vector containing the -222 
third-order harmonics of K1 and C2 respectively,  and may be calculated 
separately using the simple harmonic d i s to r t ion  analysis method of 
Chapter 3. &112 and &122 are the third-order cross multiplication 
terms conta in ing  components a t  w l ,  w 2 ,  2wl 2 w2, and 2w 2 wl. Having 2 
solved the second order  systems, the  f o r c i n g  terms [A1 - A ]x d may 
2 --i j 
be evaluated, and then the  above l i n e a r  equat ions may be solved. 
The process may be cont inued ad nauseum. A t  each order  o f  
approximation, l i n e a r  d i f f e r e n t i a l  equat ions are obta ined descr ib ing  
var ious components o f  the  s t a t e  vector.  Two o f  these components are 
always t n e  simple harmonic d i s t o r t i o n  terms occu r r i ng  a t  m u l t i p l e s  o f  
w o r  w ; the remainder are in te rmodu la t ion  d i s t o r t i o n  terms occur r ing  1 2 
a t  t h e  var ious  sum and d i f f e rence  frequencies. Thus f o r  t h e  case when 
t h e  i n p u t  cons is ts  o f  two independent s ine  waves, the o r i g i n a l  non l inear  
d i f f e r e n t i a l  equat ion has been reduced t o  a ser ies  o f  l i n e a r  equat ions 
descr ib ing  each component o f  the s t a t e  vec to r  x ( t ) .  - To ob ta in  f u r t h e r  
i n s i g h t  i n t o  the  d i s t o r t i o n  processes inherent  i n  the  system, we w i l l  
next  reconst ruc t  l i n e a r  c i r c u i t  models which descr ibe the 
in te rmodu la t ion  d i s t o r t i o n  components t h a t  appear. 
4.3 L inear  C i r c u i t  Models 
As i n  Chapter 3.3, i t  i s  des i rab le  t o  reconst ruc t  l i n e a r  c i r c u i t  
models which descr ibe the  in te rmodu la t ion  tenns t h a t  a r i s e .  This can 
again be done; the r e s u l t  f o r  the in te rmodu la t ion  terms i s  the same as 
t h e  r e s u l t  f o r  simple harmonic d i s t o r t i o n  w i t h  the  except ion o f  the 
generators i n  the  model. Namely, the  topology does n o t  change, bu t  
t h e  non l inear  generators in t roduce s igna ls  a t  sum and d i f f e rence  
frequencies ins tead o f  a t  s imple m u l t i p l e s  o f  the  fundamental. This i s  
done below f o r  the  same boost conver te r  example i n  F ig.  3.1. 
The zero- and f i r s t - o r d e r  models were found i n  Sect ion 3.3; they are 
g iven by Figs. 3.2 and 3.4. 
t o  second order 
Eq. (4.96) describes the  second-order (order E ~ E * )  in te rmodu la t ion  
d i s t o r t i o n  which ar ises .  For the  boost example, t h i s  equat ion becomes 
The c i r c u i t  which corresponds t o  Eq. (4.11) i s  g iven i n  Fig. 4.1 
It i s  &eat, y e t  i t describes the  n o u e m  order ( E , E ~ )  
in te rmodu la t ion  terms which a r i se .  Having ca l cu la ted  vl, v2, il, and 
i from the  f i r s t - o r d e r  model, one may evaluate the non l inear  2 
i b , and i2Z1. These generators conta in  generators vld2, v2C1, 
components a t  f requencies o + w2 and wl - w2. One then solves the 1 
l i n e a r  c i r c u i t  of Fig. 4.1, y i e l d i n g  v ( t )  and i 1 2 ( t ) .  12 
t o  t h i r d  o r d e r  
Eqs. (4 .10b)  and ( 4 . 1 0 ~ )  d e s c r i b e  t h e  t h i r d - o r d e r  ( o r d e r  E ~ ~ E ~  and 
E E ' )  i n t e r m o d u l a t i o n  d i s t o r t i o n  which a r i s e s .  For t h e  boos t  example,  
1 2  
one o b t a i n s  
F L g .  4 . 2 .  C h c ~ ( & o u k i c h m o c [ c l e t h e o n d c h ~ ~ ~ ~ ~  (a1 and a h d a ~ 1 E ~  ( b i  
i n t e t u n o U o n   component^ .in .the boo& example. 
The c i r c u i t s  which correspond are  g iven i n  Fig. 4.2. They are l i nea r ,  
y e t  descr ibe the  non l inear  o rder  E ~ ~ E ~  (Fig. 4.2a) and order  
(Fig. 4.2b) in te rmodu la t ion  d i s t o r t i o n  which ar ises .  Having 
ca l cu la ted  ill, i 12, iZ2, vI1, v and vZ2 from the  second order  12' 
systems, one may evaluate the  non l inear  generator terms. These 
generators conta in  components o f  f requencies o w2, 2wl +u2, and 
2w2 + wl. One then solves the l i n e a r  c i r c u i t s  o f  Fig. 4.2, y i e l d i n g  
i i 112'  122' V112 , and v ~ ~ ~ .  
Thus, by a simple extension o f  the technique o f  Chapter 3, 
in te rmodu la t ion  d i s t o r t i o n  may be modelled. I n  p a r t i c u l a r ,  one 
considers the  case where the  du ty  r a t i o  i s  modulated by two 
independent s ine waves. One expects the r e s u l t i n g  c i r c u i t  waveforms 
t o  conta in the harmonics o f  both s ine waves, p lus  add i t i ona l  terms 
r e s u l t i n g  from i n t e r a c t i o n s  between t h e  two which represent the 
in te rmodu la t ion  d i s t o r t i o n .  Therefore, the s ta te  vector  i s  expanded 
i n  a more complicated form which inc ludes these e x t r a  terms. The 
r e s u l t  of the  ana lys is  i s  a se r i es  o f  l i n e a r  c i r c u i t  models which may 
be solved us ing standard techniques, y i e l d i n g  the magnitude and phase 
o f  each component o f  the output.  The engineer may then gain i n s i g h t  
i n t o  the  d i s t o r t i o n  processes and the  means f o r  l i n e a r i z a t i o n  o f  h i s  
a m p l i f i e r .  
CHAPTER 5 
DESIGN EXAMPLES: DISTORTION I N  BUCK AMPLIFIERS 
5.1 I n t r o d u c t i o n  
I n  t h i s  chapter the  usefulness and design-or iented nature o f  the 
model l ing approach i s  demonstrated by two examples. F i r s t ,  a  b r idge-  
c o n f i g u r a t i o n  buck-type a m p l i f i e r  w i t h  i n p u t  f i l t e r  i s  analyzed. The 
c i r c u i t  models are given, and simple design c r i t e r i a  are found f o r  the 
reduct ion  o f  t h e  simple harmonic d i s t o r t i o n  t o  an acceptably low l e v e l .  
I n  add i t ion ,  i t  i s  shown t h a t  on l y  odd harmonics appear a t  the  ou tput  
o f  t h i s  con f i gu ra t i on ,  wh i l e  on l y  even harmonics appear i n  t h e  i n p u t  
f i l t e r .  Next, a  simple buck conver ter  w i t h  i n p u t  f i l t e r  i s  analyzed, 
and i s  found t o  generate bo th  even and odd harmonics a t  i t s  output.  
The opera t ion  o f  t h i s  conver ter  i s  considerably more complicated than 
tne  br idge; as a r e s u l t ,  more soph is t i ca ted  design techniques must be 
used t o  avo id  becoming inundated w i t h  algebra and l o s i n g  a l l  phys ica l  
i n s i g h t  i n t o  the operat ion o f  the  c i r c u i t .  A use fu l  technique i s  
described, which has general a p p l i c a t i o n  t o  o ther  con f i gu ra t i ons .  The 
r e s u l t  f o r  t h i s  second example i s  a s e t  o f  approximate design c r i t e r i a  
s i m i l a r  t o  the  r e s u l t s  f o r  the f i r s t  example; these c r i t e r i a  may be 
used t o  reduce the  simple h a m n i c  d i s t o r t i o n  which appears t o  an 
acceptably low l e v e l .  
5.2 Existence o f  D i s t o r t i o n  i n  Buck Amp l i f i e r s  
It may a t  f i r s t  seem s u r p r i s i n g  t h a t  a  buck-type c o n f i g u r a t i o n  
would i n h e r e n t l y  produce any d i s t o r t i o n  a t  a l l .  Indeed, the simple 
i d e a l  buck conver ter  o f  F ig.  5.1 i s  completely l i n e a r  i f  h igh-  
frequency swi tch ing  r i p p l e  i s  neglected. The la rge-s igna l  gain i s  
g iven by Eq. (5.1). 
A 
i!kJ = vg ~ ( r )  (5.1) 
i ( s  ) v a l i d  f o r  l a r g e  s igna ls  
where H(s) i s  the  t r a n s f e r  f u n c t i o n  o f  t h e  low-pass f i l t e r .  Thus, the 
on l y  hannonics expected t o  appear a t  the  ou tput  a re  those r e s u l t i n g  
from n o n i d e a l i t i e s  i n  t h e  pulse-width modulator, switch, o r  o ther  
components. 
The a d d i t i o n  o f  l i n e  source impedance, however, r e s u l t s  i n  
t h e  generat ion o f  d i s t o r t i o n  by the  power stage i t s e l f ,  r a t h e r  than by 
swi tch  o r  PUN n o n i d e a l i t i e s .  For example, i f  t h e  source impedance i s  
spectrolly 
pure output 
F b j .  5.1. SmpLe, i d e a l  buck c o n v e h t ~  which 9ene . ta - t~  no Low- 
hkequencg dA-tohtion.  
F L g .  5 . 2 .  The addi t ion  0 6  h e n h f i v e  bounce impedance ha& in .the 
gene/~m%on 0 6  d&.tohtivn & buck convehtetw : [ a )  ~ c h e m a t i c ;  
( b )  deviation 06 .the hauL.ting dc g a i n  cuave ( n o a d  f i f e  I 
hhom .the deal?  c u e  (dabhed f i n e ) .  
purely r e s i s t i ve  as i n  Fig. 5.2a, then the dc steady-state gain 
character is t ic  becomes 
T h i s  func t ion  i s  p l o t t e d  i n  Fig. 5.2b. It i s  a  non l inear  f unc t i on  of 
D; t he re fo re  i t  i s  c l e a r  t h a t  d i s t o r t i o n  occurs a t  dc and probably a l so  
a t  h igher  frequencies. Eq. (5.1) i s  n o t  v a l i d  f o r  t h i s  system w i t h  
l a r g e  s igna ls .  
On the  o the r  hand, suppose the  source impedance o f  V i s  
g 
non-d iss ipa t ive? I n  p a r t i c u l a r ,  consider the a d d i t i o n  of an L-C 
i n p u t  f i l t e r  conta in ing  no r e s i s t i v e  elements, as i n  Fig. 5.3a. Since 
Lf and Cf are  pu re l y  r e a c t i v e  components, they do n o t  a f f e c t  the  dc 
steady-state ga in  o f  t h e  system. The dc t r a n s f e r  f unc t i on  o f  t h i s  
Fig. 5 . 3 .  The a d W o n  0 6  pwleLy tieacx%ve bowice impedance h a s  no 
e66eot on t h e  dc ga in  0 6  buck c o n v e h t w ;  non&h-&m, 
ac sign& m e  distoa.ted: la1 bchemat ie;  Ib1 f i n e m  dc 
ga in  c h r n a c t e n i n f i b .  
system i s  therefore l inear ,  as given below and plotted in Fig. 5.3b. 
B u t  i s  there d i s to r t ion?  A t  dc, 
l Z g I  = 
0. However, f o r  ac ,  
Z # 0 and a s  a r e su l t  there i s  indeed dis tor t ion.  The nonlinearity I g l  
inherent i n  the buck converter of Fig. 5.3a a f fec t s  ac s ignals  b u t  not 
the dc gain. 
Thus, even a buck converter nay generate harmonic d i s to r t ion  i f  
source impedance in s e r i e s  with V ex i s t s .  In pract ice ,  t h i s  impedance 
g 
may a r i s e  in a number of ways. The addition of an L-C input f i l t e r  
resu l t s  i n  a c i r c u i t  similar t o  Fig. 5.3, and the discussion above 
holds. A s imilar case occurs when V i s  a switching power supply, and 
g 
the  L-C f i l t e r  i s  actual ly  the equivalent output impedance of the 
power supply. A th i rd  example i s  the inclusion of switch ON-state 
resistances,  a s  when MOSFETs a re  employed a s  the switching devices. An 
equivalent c i r c u i t  similar t o  Fig. 5.2 then occurs, and  d is tor t ion i s  
again generated. 
These sources of d i s to r t ion  can never be completely eliminated in 
practice. The design problem i s  therefore t o  choose component values 
in  a way t h a t  the resul t ing dis tor t ion i s  acceptably small. 
To accomplish this ,  one must f i r s t  develop an understanding of how the 
dis tor t ion depends on the  various components. T h i s  involves finding 
the c i r cu i t  models described i n  Chapter 3 and drawing Bode plots  of 
the  predicted dis tor t ion.  One may then see the s teps  necessary for  
the reduction of the harmonic dis tor t ion t o  an acceptable level .  This 
procedure is carried out i n  the following example. 
F i g .  5.4. M g e  ampLL~ien w i t l z  iniullJut &%en example: ( a )  nchmai ie;  
[ b )  t i n e m  dc g a i n  cwive. 
5.3 Bridge-type Buck Amplifier w i t h  Input F i l t e r  
The f i r s t  example i s  a bridge-configuration amplifier w i t h  a 
single i n p u t  f i l t e r ,  a s  shown in  Fig. 5.4a. The dc gain, neglecting 
the saturation drops of the switches, i s  given in Fig. 5.4b; i t  i s  
completely l inear .  Nonetheless, harmonic dis tor t ion appears across 
the load when the system i s  excited by ac. To analyze t h i s  system, one 
f i r s t  constructs the corresponding c i r cu i t  models following the 
step-by-step procedure of Section 3.6. 
With the assumption of ideal switches and neglect of paras i t i cs ,  
the vectors and matrices i n  the  state-space description of the system 
( e . ,  the loop and node equations written i n  matrix form as defined 
in Eq. ( 5 . 4 ) )  a re  as follows: 
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Next, the matr ices A, B, and (Al - A 2 )  are evaluated: 
Now the  zero-, f i r s t - ,  and n- th-order  s e t  o f  s ta te  equat ions which 
descr ibe the  dominant component o f  each harmonic may be w r i t t e n :  The 
dc (zero-order) equat ion i s :  
The c i r c u i t  model which corresponds t o  t h i s  equation i s  F ig .  5 .5 .  
The solut,ion i s  given by Eq. (5.7)  below. 
The f i r s t  order equation i s  
~ i g .  5.6. Cin& wkich mod& .the 6 h t - o n d e h  1duutdamenta.t) cornponenth 
&I $he bbhidge ampidie-t. 
Eq. (5.8) i s  the  system of loop and node equat ions descr ib ing  the 
f i r s t - o r d e r  ( l i n e a r )  c i r c u i t  model. The c i r c u i t  model may be 
reconstructed from these equations; the r e s u l t  i s  Fig. 5.6. Note t h a t  
the  s ta tes  o f  the  i n p u t  f i l t e r  are n o t  e x c i t e d  i n  the f i r s t - o r d e r  
model; the  on l y  generator i n  the system d r i v e s  the  output  f i l t e r  s ta tes  
only.  I n  consequence, no fundamental appears i n  the i n p u t  f i l t e r .  
The n- th-order  (n - > 2)  equat ion descr ib ing  the dominant component 
o f  the  n - t h  harmonic i s  g iven i n  Eq. (5.9).  
This i s  the system of loop and node equations describing the 
c i r c u i t  model f o r  the dominant component of the n - t h  harnionic. The 
corresponding model may be reconstructed from these equations ; the 
resu l t  i s  shown in Fig. 5.7 for  the second harmonic, the th i rd  
harmonic, and the n-th harmonic. 
A number of features may be noted from Figs. 5.6 and 5.7. F i r s t ,  
the basic topologies of the  f i r s t -  and n-th-order models are the 
same; the  s t a t e s  a re  connected together the same way in each case. 
However, the generators are not necessarily the same a t  each order of 
n .  Second, the values of the reactive components a re  multiplied by n .  
These properties hold for  the general converter and are a consequence 
of the  modelling method, as described i n  Chapter 3.5. 
The nature of the d i s to r t ion  in  the amplifier now becomes 
apparent. In the f i r s t -o rder  model, Fig. 5.6, the input f i l t e r  s t a t e s  
a re  not excited. Therefore, no fundamental appears i n  the i n p u t  f i l t e r ,  
.. A ,. 
and the quant i t ies  i f l ,  vf l  , and vbl a re  zero. As a r e su l t ,  no second 
harmonic appears i n  the output f i l t e r  or across the load, since the 
Fig. 5.7. C&ciLit mod& wkich apph.uxhate f ie  a m p ~ d e  and pizane 
06 .the becond, t k i t r d ,  a d  n-fh htvononic componei& .&I 2he 
hhidge a m p f i d i u .  
. 
generator E V  e x c i t i n g  the  ou tput  f i l t e r  i n  the  second-order model a t  f l  
the top  o f  Fig. 5.7 i s  zero. However, the i n p u t  f i l t e r  conta ins  a 
. . 
second-harmonic component owing t o  the presence o f  the E i l  generator 
i n  the  second-order model. The fundamental i n  the  ou tput  f i l t e r  
.. 
induc to r  c u r r e n t  i e x c i t e s  a second harmonic i n  the i npu t  f i l t e r .  1 
I n  the t h i r d  harmonic model, the i n p u t  f i l t e r  s ta tes  again are 
A 
no t  exc i t ed  s ince i2 = 0 (no second harmonic i s  present i n  the  output  
f i l t e r  i nduc to r  cu r ren t ) .  However, the  ou tput  f i l t e r  conta ins a t h i r d  
". 
hariiionic component owing t o  the presence of the  cv f2  generator i n  the 
t h i r d  harmonic model. The second harmonic across the  i n p u t  f i l t e r  
capac i to r  Cf e x c i t e s  a  t h i r d  harmonic i n  the  ou tput  f i l t e r  and hence 
across the  load. 
The process descr ibed above cont inues f o r  a l l  o f  the  h igher-order  
,. 
models. Var ia t ions  i n  the ou tput  f i l t e r  i nduc to r  cu r ren t  in e x c i t e  
harmonics i n  t h e  i n p u t  f i l t e r  s ta tes ,  and v a r i a t i o n s  i n  the i n p u t  
,' 
f i l t e r  capac i to r  vo l tage v  e x c i t e  harmonics i n  the  output  f i l t e r  fn 
s ta tes  and across the load. The r e s u l t  o f  the process i s  the presence 
o f  even harmonics i n  t h e  i n p u t  f i l t e r  and odd harmonics i n  the output  
f i l t e r  and load. 
I t i s  a  f a i r l y  simple mat te r  t o  c a l c u l a t e  the magnitude and phase 
o f  the  harmonics p red i c ted  by the  model. F i r s t ,  the c i r c u i t  models o f  
Figs. 5.6 and 5.7 a re  s i m p l i f i e d  as i n  Fig. 5.8, e l i m i n a t i n g  the s ta tes  
n o t  exc i t ed .  Second, t h e  f o l l o w i n g  d e f i n i t i o n s  are made: 
Z. ( s )  = i n p u t  impedance o f  the ou tput  f i l t e r  i n  the n - th  order In 
model. 
Zsn(s) = output  impedance o f  the i n p u t  f i l t e r  i n  the n- th  order 
model. 
Hn(s) = t rans fer  func t ion  o f  the  ou tput  f i l t e r  i n  the  n - t h  order  
model. 
The duty-rat io- to-n-th-order-output  response may then e a s i l y  be 
evaluated. The r e s u l t  i s ,  
0, n  even 
2L,  2Cf "12 E i ,  
- 
*Cb 
A 
"b2 
- 
Fig. 5.6. SimpLidied mode& 6nam urkidz t h e  ".tmn~da ~utzctiom" Gl/a and c3/8 m e  c & d a ~ c d .  
The steps necessary f o r  the  reduc t i on  o f  the  d i s t r i b u t i o n  t o  an 
acceptable l e v e l  are now apparent. By designing / 'sn+l ( s ) j  << /zin(s)/ ,  
the  r e s u l t i n g  d i s t o r t i o n  may be made as low as desired. This may 
i nvo l ve  choosing l a rge r ,  more expensive values o f  L Cf and Cb however; f '  
there fore ,  i t  i s  advantageous t o  design the  smal les t  i n p u t  f i l t e r  which 
meets t h e  d i s t o r t i o n  spec i f i ca t i ons .  An e f f i c i e n t  design procedure thus 
i nvo l ves  the  s p e c i f i c a t i o n  o f  reasonable d i s t o r t i o n  l i m i t s ,  fo l lowed 
by t h e  i n t e l l i g e n t  choice o f  Zsn+l(s) and Zin(s). 
The quant i t ies  Z ( s ) ,  Zin(s), and Hn(s) are each a function of 
sn 
frequency, and i t  i s  of i n t e r e s t  t o  examine typical frequency 
dependencies t o  determine peak d i s to r t ion  levels  and the frequency 
ranges over which they occur. Bode plots  of these quant i t i es  are 
constructed in Fig. 5.9 fo r  the case when C,, i s  large. From these 
plots  i t  i s  a straightforward matter t o  construct the fundamental and 
third-harmonic responses, plotted in  F i g .  5.10 fo r  the case where 
w < w Note t ha t  the th i rd  harmonic response has a zero a t  dc. f c 0- 
Thus, as noted before there i s  indeed no th i rd  harmonic d i s to r t ion  a t  
dc. However, f o r  ac a s ignif icant  th i rd  harmonic response may ex is t .  
One now proceeds t o  design the input f i l t e r  such tha t  Zs2 I l i s  
su f f ic ien t ly  lower than /Zill, thereby ensuring tha t  the harmonic 
response given by Eq.  (5.10) i s  acceptably low. I t  can be seen from 
Fig. 5.10 t ha t  the peak th i rd  harmonic response occurs a t  one-half of 
the input f i l t e r  resonant frequency f o r  the case drawn. The magnitude 
a t  t h i s  point is  2c2V R  / R .  T h i s  peak may be lowered by proper input 
g f 
f i l t e r  design, generally involving increased damping of the i n p u t  
f i l t e r  ( i . e . ,  by decreasing the value of R f ) .  The problem of properly 
designing an input f i l t e r  under small-signal conditions has been 
considered elsewhere 16,7,8J, and many of the resu l t s  are applicable 
here. In par t i cu la r ,  the corner frequencies w f / 2  and w,, should be well 
separated in order t o  avoid excessive peaking in the third-harmonic 
response. Next, the amount of damping necessary t o  reduce the th i rd  
harn~onic t o  an acceptable level i s  determined. Optimal values of Rf 
and Cb may be calculated 171, thereby avoiding the use of excessively 
large values of blocking capacitance fo r  Cb. The r e su l t  i s  the  
reduction of the t ransfer  functions of the harmonics given by Eq.  (5.10), 
thereby producing a s a t i s f ac to r i l y  l inear  amplifier .  
Fig. 5.9. 7 pic& dhe ueney dependenuen 0 6  t h e  trdevant q u a n t i t i e n  
~ k ,  12inI. and I % I .  The U e d o n  IZ6 n+l I<<IZin/ 
uteee-batia6ied .&I a Low-distohtion amp&L~~en. 
I:, I 
Fig. 5 . 1 0 .  T g p i c d  dnequency dependence 0 6  t h e  ~undamentae t~nponhe  j v l / a j  and  ti^ I ~ O I Z ~ C  nuporzne /v3 /d j .  
T h u s ,  a  bridge-configuration buck amplifier  with i n p u t  f i l t e r  
produces odd harmonics across i t s  output. This c i r c u i t  may be 
modelled, analyzed, and designed using the method of Chapter 3 .  
Application of this  procedure may r e su l t  in  a  set of Bode plots  
describing the  dependence of the various dis tor t ion components upon 
each c i r cu i t  element. The steps necessary t o  reduce t h i s  dis tor t ion 
t o  an acceptable level then become apparent. For t h i s  example, i t  i s  
necessary t o  design Zs2 suf f ic ien t ly  smaller than lZill. This may I 1  
be done by proper choice of the various poles and  Q-factors of the 
F i g .  5 . 1 1 .  Simple buck ampfi6ien w i t h  &inpu* ~.ie te t l .  
5.4 Single-Ended Buck Converter w i t h  Inpu t  F i l t e r  
As a second example, the  simple buck conver te r  w i t h  i n p u t  f i l t e r  
o f  Fig. 5.11 i s  analyzed. The opera t ion  o f  t h i s  c i r c u i t  d i f f e r s  
s u b s t a n t i a l l y  from t h a t  o f  the  previous example. Cwing t o  the 
increased i n t e r a c t i o n  between t h e  i n p u t  f i l t e r  and the  ou tput  f i l t e r ,  
even harmonics appear a t  t h e  ou tput  i n  a d d i t i o n  t o  the  odd harmonics 
which occur i n  the  br idge. As a r e s u l t  o f  t h i s  i n t e r a c t i o n ,  t h i s  
c i r c u i t  i s  more d i f f i c u l t  t o  analyze and design; the  t r a n s f e r  
f unc t i ons  become very la rge  and complicated. To ob ta in  more l u c i d  
r e s u l t s ,  some a d d i t i o n a l  a n a l y t i c a l  techniques are usefu l .  One such 
technique i s  g iven here, which invo lves  t h e  s o l u t i o n  o f  the  d i f f e rence  
equat ion descr ib ing  the  s ta tes  & ( s )  o f  the  n - th  o rder  model i n  terms 
A 
o f  k - l ( s ) .  The r e s u l t  i s  a s e t  o f  approximate design equat ions 
s i m i l a r  t o  the  br idge example. Again, i t  i s  necessary t o  design I =s2 I 
s u f f i c i e n t l y  smal ler  than jZilj, and t h i s  i s  done by the  proper choice 
of the var ious poles and Q-factors o f  t h e  system. 
Again, the f i r s t  s tep  i n  the analysis of t h i s  system i s  the 
construction of the corresponding c i r cu i t  models, following the step- 
by-step procedure of Section 3 . 6 .  The f i r s t -o rder  s t a t e  equations a re  
F@. 5.1 2. C i n . U  wluch mod& .the 6im.t-ukden (dundamentae) 
cornpone& in .the buck exampbe. 
The f i r s t -o rder  c i r c u i t  model which s a t i s f i e s  these loop and node 
equations i s  given in Fig. 5.12. T h i s  i s  the  usual small-signal model. 
,. * 
Note the presence of the D i l  and Dvfl generators; these lead t o  
f i r s t -o rder  in teract ions  between the input f i l t e r  and the output f i l t e r  
s t a t e s .  Consequently, a l l  s t a t e s  of the system are excited t o  f i r s t  
order, and fundamental appears in the  input f i l t e r .  
The n-th-order (n - z 2 )  equations describing the dominant 
component of the n-th-harmonic a re  given i n  Eq. (5.12). 
The n- th -order  c i r c u i t  model which corresponds t o  Eq. (5.12) i s  g iven 
A A 
i n  Fig. 5.13. Again, owing t o  t he  presence o f  t he  Di and Dv 
n fn 
generators, t he re  i s  n- th-order  i n t e r a c t i o n  between the  i n p u t  and 
ou tpu t  f i l t e r s  and hence both even and odd harmonics appear i n  each 
s ta te .  
FG. 5 . 1 3 .  CitrclLit madel wkich appiaxhimates t h e  a m p w d e  m d  phae 
-the n-th hanmoiuc cornpaned (n > 2 )  .& t h e  buck 
- 
example. 
This interaction complicates the analysis and design of the 
amplifier. As a result,  the straightforward solution of the various 
transfer functions i s  an almost hopeless task. An alternative i s  the 
employment of the follouing art if ices:  
First ,  i t  i s  recognized t h a t  each model may be partitioned into 
three sections: the input f i l t e r ,  the o u t p u t  f i l t e r ,  and  the 
generators. This i s  i l lustrated in Fig. 5.14 for the first-order 
model, the second-order model, and the n-th-order model. The loop and 
F i g .  5.14.  The cuzalysd ~imp&id.ied whui  i h e  mod& m e  p a h t i t b n e d  
,into t h e e  nec t ionn  : i h e  in* 6 ; e t e h  impedance Z,, .the 
oLLtpX ~.~.&QT impedance Zi, and $he genenatohb, 6homl 
above 605 .the d u t t d a m e d ,  second hatunotuc, and it-Xh 
hwimonic mod&. 
node equations may now be rewritten i n  a more compact form. In the 
f i r s t -o rder  model, 
Eq.  (5.13) may be expressed i n  matrix form: 
D 
where 
The n-th-order model (n  - z 2 )  i s  similar;  the loop and node equations 
a re  given below. 
Eqs. (5 .15)  may a l s o  be expressed in matrix form: 
where 
Hence, 
n-1 ,. 
E -1 I, = 2Yn I- 5n-l = (;) (Y;'T)(Y;:~Y) ... ( ~ ; ' r )  Y - I ~  1 - d
(5 .17)  
Since Y i s  of dimension 2 ,  i t s  inverse i s  eas i l y  computed, and the 
n 
product y i l r  i s  then found: 
One may now evaluate Eq. (5.18) t o  f ind analyt ical  expressions 
. . . . 
fo r  5 and hence fo r  v f n  and in .  I t  i s  then a simple matter t o  compute 
--n 
other quant i t ies  such as the n-th-order cmponent of the output, 
,. 
'n 
. The r e su l t  f o r  the  f i r s t -o rder  system is  
,. 
v 1 - 
--?- = V H ( s )  2 a g 1 + D zsl/zil 
where Hl(s) i s  the t ransfer  function of the f i r s t -o rder  output f i l t e r :  
T h i s  i s  the small-signal r e su l t  discussed i n  16,7]. Note tha t  i f  the 
inequal i t ies  
a re  well s a t i s f i ed ,  then Eq. (5.19) reduces t o  
This i s  the sriiall-signal t ransfer  function obtained f o r  the  buck 
converter w i t h  no input f i l t e r .  In other words, the i n p u t  f i l t e r  has 
negligible e f f ec t  on the small-si gnal duty-ratio-to-output t ransfer  
function i f  the inequal i t ies  of Eq.  (5.21) a re  s a t i s f i ed .  
The solution fo r  the dominant component of the second harmonic 
i s  
This t ransfer  function appears formidable, b u t  i t  may be considerably 
simplified i f  the inequal i t ies  (5.21) hold. In t h i s  case, the (1 + k 2 )  
and (1  + k3) terms become nearly unity. The (1 + kl) term i s  of order 
unity fo r  a  reasonably damped system, but may be as high a s  3 o r  4 i n  
magnitude a t  some frequencies. A reasonable procedure i s  t o  neglect 
a l l  three terms fo r  the f i r s t  design, and t o  make any necessary 
corrections in l a t e r  design i t e ra t ions .  Thus, i f  the inequal i t ies  of 
Eq. (5.21) are wel l -sat isf ied,  then the second harmonic i s  given 
approximately by 
The steps necessary for  the reduction of the second harmonic 
dis tor t ion are  now apparent. The second harmonic t ransfer  function 
may be made as small as desired by the choice of Zsl su f f ic ien t ly  I I 
l ess  than Zil . This may involve choosing larger ,  more expensive I ' i R I  
values of Lf, Cf, and Cb however; therefore, i t  i s  advantageous to  
design the smallest input f i l t e r  which meets the dis tor t ion and EM1 
specifications.  As in the case of the bridge amplifier, an e f f i c i en t  
design procedure involves the specification of reasonable dis tor t ion 
l imits ,  followed by the in te l l igen t  choice of Zsl(s) and Zil(s). 
I t  i s  of i n t e r e s t  t o  examine typical frequency dependencies of 
the quant i t ies  Hz(s), Z ( s )  and Zil(s) t o  determine peak dis tor t ion 
sl 
levels  and the frequency ranges over which they occur. Bode plots of 
these quant i t ies  are  constructed i n  Fig. 5.15. To sa t i s fy  Eq. (5.21 ) ,  
~ D ~ z ~ ~  1 is chosen much smaller than jZil / and 1 R , as shorn. A f i r s t  
approximation for  the second-harmonic response i s  thus Eq.  (5.24). I t  
i s  now a straightforward matter t o  construct the fundamental and 
second-harmonic response, plotted i n  Fig. 5.16 for  the case when 
OJ < wc < w ~ .  The second-harmonic response contains a zero a t  dc, f 
r i s e s  t o  a maximum a t  some intermediate frequency, then f a l l s  o f f ,  
eventually a t  a ra te  of 18 dB per octave. 
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One now'proceeds t o  design the input f i l t e r  such tha t  Zsl 
suf f ic ien t ly  lower than / Z i l /  / R I P  thereby ensuring <hat the 
I l i s  
approximate second-harmonic response given by Eq. (5.24) i s  
acceptably low. I t  can be seen from Fig. 5.16 that  the peak second 
harmonic response occurs a t  the input f i l t e r  resonant frequency ti f 
for  the case drawn. The magnitude a t  t h i s  point i s  EDV R / R .  This 
!3 f 
peak may be lowered by proper i n p u t  f i l t e r  design, generally involving 
increased damping of the input f i l t e r  ( i . e . ,  by decreasing the value 
of R f ) .  Again, the problem of properly designing an input f i l t e r  under 
small-signal conditions has been discussed elsewhere, [6,7,8], and 
many of the resu l t s  are applicable here. In par t icular ,  the corner 
frequencies w and wo should be well separated t o  avoid excessive f 
peaking i n  the second-harmonic response. Next, the amount of damping 
necessary t o  reduce the second harmonic t o  an acceptable level i s  
determined. Optimal values of Rf and Cb may be calculated [7], 
thereby avoiding the use of immoderate amounts of blocking capacitance 
for  Cb. The resu l t  i s  the reduction of the second harmonic t ransfer  
function, thereby producing a s a t i s f ac to r i l y  l inear  amplifier. 
The dis tor t ion modelling procedure has been demonstrated using 
two types of buck-derived amplifier configurations. Although the ideal 
buck converter in  i t s  simplest form i s  inherently l inear ,  many 
practical  implementations will be nonlinear. Specifically,  the 
on-state resistance of the switches, the source impedance of the l ine ,  
or the addition of an input f i l t e r  cause dis tor t ion.  The bridge 
a m p l i f i e r  w i t h  i n p u t  f i l t e r  generates even harmonics i n  i t s  i n p u t  
f i l t e r  and odd harmonics i n  i t s  ou tpu t  f i l t e r .  These harmonics may be 
reduced t o  an a r b i t r a r i l y  low l e v e l  by proper i n p u t  f i l t e r  design; 
the  c r i t e r i o n  i s  t h a t  t h e  ou tput  impedance o f  the  i n p u t  f i l t e r  must 
be s u f f i c i e n t l y  smal ler  than the i npu t  impedance o f  the  ou tput  f i l t e r .  
A s i m i l a r  s i t u a t i o n  occurs f o r  the  simple buck conver te r  w i t h  i npu t  
f i l t e r .  In t h i s  case, bo th  even and odd harmonics appear a t  the  i n p u t  
and output.  Again, t h e  second harmonic i s  reduced by proper i n p u t  
f i l t e r  design. These examples show how the non l inear  d i s t o r t i o n  
processes i n  swi tch ing  a m p l i f i e r s  may be analyzed i n  a design-or iented 
manner us ing  l i n e a r  c i r c u i t  models and Bode p l o t s .  
CHAPTER 6 
OTHER SOURCES OF HARMONICS 
6.1 In t roduc t i on  
The prev ious chapters have considered on l y  the  n o n l i n e a r i t i e s  
present i n  the i d e a l  sw i tch ing  a m p l i f i e r  system. However, the 
degradat ion o f  the  la rge-s igna l  performance o f  a p r a c t i c a l  sw i tch ing  
a m p l i f i e r  may occur i n  a number o f  o ther  ways. Some o f  these problems 
occur i n  a l l  amp l i f i e r s ,  whether switched-mode or  l i n e a r ;  o thers  
a r i s e  from the  p e c u l i a r i t i e s  o f  t h e  swi tch ing  process i t s e l f .  I n  
e i t h e r  event, i t  i s  use fu l  t o  i d e n t i f y  the  var ious sources o f  
d i s t o r t i o n  and suggest poss ib le  remedies. 
F i r s t ,  the  open-loop bandwidth l i m i t s  the  maximum power 
de l i ve rab le  t o  the  load a t  any g iven frequency; as a r e s u l t ,  the  
inductances and capacitances i n  t h e  power c i r c u i t  must be chosen w i t h  
spec ia l  care i f  f u l l  output  i s  t o  be obta ined a t  h igh frequencies. 
Second, the high-frequency r i p p l e  produced by t h e  swi tch ing  a c t i o n  i s  
a form o f  d i s t o r t i o n  but  i s  nonna l ly  considered separate ly  since, i n  
most appl icat ions,  the response o f  the load t o  e x c i t a t i o n s  a t  the 
swi tch ing  frequency i s  n e g l i g i b l e .  Th i rd ,  component n o n i d e a l i t i e s  
such as long swi tch ing  t imes o r  t h e  n o n l i n e a r i t y  o f  the  ramp used i n  
the  pulse-width-modulation process may cause a d d i t i o n a l  d i s t o r t i o n ,  
p a r t i c u l a r l y  when h igh  swi tch ing  frequencies are used. F i n a l l y ,  a  
crossover d i s t o r t i o n  e f f e c t  s i m i l a r  t o  the  one found i n  c lass  B 
amplifiers can occur and must be corrected f o r  in those cases where 
i t s  e f f ec t  i s  s ignif icant .  
6.2 Bandwidth Limitations 
One of the roost basic measures of the performance of an amplifier 
i s  i t s  bandwidth. In power amplifiers,  the bandwidth must actually be 
described in two ways. The f i r s t  i s  the familiar small-signal 
frequency response. A f l a t  small-signal response ensures that  low- 
level s ignals  of a l l  frequencies within a given range are reproduced 
uniformly. The secorld way i s  t h e  "large-signal bandwidth" or 
"maximum power frequency response". I t  measures the maximum 
undistorted sinusoidal power deliverable as a function of frequency. 
An insuff ic ient  power bandwidth leads to  the familiar "slew-rate 
limiting" e f f ec t ,  so-called because the maximum ra te  of change of the 
output i s  limited. B o t h  def ini t ions  of frequency response are 
important in any power amplifier; the analysis procedure for  switching 
amplifiers i s  outlined below. 
The small-signal frequency response measures the gain of the 
amplifier for  sinusoidal inputs, assuming t h a t  a l l  harmonics are 
negligible. I t  i s  valid only when the i n p u t  i s  small enough that  any 
nonlinearit ies have no e f fec t .  Specifications regarding the small - 
signal frequency response are  usually met by the use of negative 
feedback. This requires the ernployr~ent o f  a smal l-signal model for  
the nonlinear switching power converter 11,2,11], followed by the 
application of standard l inear  feedback techniques. 
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For example, consider the  bridge converter of F ig .  2.4b. Usually, 
output voltage feedback i s  used, and the system i s  designed t o  provide 
a uniform small-signal response. A closed-loop system with 
compensation as i n  Fig. 6.la i s  therefore designed, and the small- 
signal state-space averaged model of Fig. 6. lb applies.  The relevant 
Fig. 6.2.  Tqpicu! poweri nakge open-bop gain 1 Gd(  j w )  , and compt&te 
a m p f i ~ i e h  dobed- loop  &ma&-bignu! gain / ti j w )  1 ,  doh -the 
byh.Xk. 06 Fig. 6 .1 .  
frequency responses a re  diagramed in Fig. 6.2. The open-loop duty- 
ratio-to-output gain G ( s )  of the power stage contains poles a t  some 
d 
intermediate frequency w b u t  the small-signal closed-loop frequency d '  
response of the en t i r e  amplifier  H(s) i s  unaffected u n t i l ,  a t  some 
high frequency wo,  the loop gain becomes l e s s  t h a n  unity. Thus, the 
dynamics of the power stage have no e f f ec t  on the small-signal 
frequency response a t  low and intermediate frequencies where the loop 
gain i s  large. Very desirable,  robust small-signal charac te r i s t i cs  
can therefore be obtained. 
The "maximum power frequency response" i s  a d i f fe ren t  matter. 
I t  i s  essen t ia l ly  unaffected by feedback, and occurs owing to the f ac t  
t h a t  the l inear  operating ranges of a l l  e lec t r ica l  components are 
limited. Outside these ranges, the devices sa turate  or  cut  o f f ,  and 
the  gain of the system i s  reduced. If the loop gain i s  reduced below 
110 
u n i t y ,  then the feedback loop no longer func t ions ,  and the  output  i s  
no longer und is to r ted .  Hence, there i s  some maximum ampli tude which 
the  a m p l i f i e r  can produce, and t h i s  ampl i tude i s  a f u n c t i o n  o f  
frequency. 
The exact  device which l i m i t s  the  output  power va r ies  from one 
design t o  another; however, t h i s  l i m i t  may o f t e n  be expressed as a 
maximum and minimum duty  r a t i o .  Clear ly ,  the  du ty  r a t i o  can never be 
ou ts ide  the  range [O,1]; o f ten ,  the  l i m i t  i s  more r e s t r i c t i v e .  I n  
t h i s  case, t h e  maximum s inuso ida l  output  i s  obtained when the  du ty  
r a t i o  i s  va r i ed  over t h i s  e n t i r e  permiss ib le  range. Since the output 
i s  g iven by v(s)  = G ( s )  d (s )  where Gd(s) i s  the  open-loop d u t y - r a t i o -  d 
to-output  t r a n s f e r  func t ion ,  the  maximum-power frequency response i s  
. 
given by Gd(jo) / d l  max. I n  o the r  words, under the  above assumptions, 
the  la rge-s igna l  bandwidth i s  l i m i t e d  by t h e  open-loop frequency 
response o f  the  power stage and i s  unaf fec ted  by feedback. For the 
br idge example, Gd(s) conta ins two poles a t  frequency wd ascr ibab le  
t o  the  L-C output  f i l t e r ,  as shown i n  Fig. 6.2. Hence, maximum 
s inuso ida l  power i s  ob ta inab le  o n l y  a t  f requencies below wd; a t  
h igher  frequencies, t h e  maximum power r o l l s  o f f  a t  a  r a t e  o f  12 dB 
per octave. 
A complete se t  o f  performance s p e c i f i c a t i o n s  f o r  any power 
a m p l i f i e r  t he re fo re  inc ludes  the  maximum power output  obta inable a t  
a l l  f requencies o f  i n t e r e s t .  To meet t h i s  spec, the  c i r c u i t  designer 
must p lace the  open-loop poles i n  t h e  power stage a t  a s u f f i c i e n t l y  
h igh  frequency; negat ive feedback does not  change the  la rge-s igna l  
bandwidth. Unfor tunate ly ,  another type o f  d i s t o r t i o n  now becomes 
s i g n i f i c a n t :  the  high-frequency swi tch ing  r i p p l e  increases i n  
magnitude whenever t h e  open-loop poles o f  the power stage are ra i sed  
i n  frequency. Thus, i t  i s  necessary t o  consider  t h e  e f f e c t  of 
increased swi tch ing  r i p p l e .  
6.3 Switching Ripple and Component Non idea l i t i es  
Switching r i p p l e  i s  produced by almost every type o f  sw i tch ing  
conver ter  and r e s u l t s  from the  incomplete a t tenua t i on  o f  the h igh  
frequency components o f  the  pulse-width modulated waveform by an L-C 
network. This  form o f  d i s t o r t i o n  d i f f e r s  from o the r  types i n  t h a t  the 
major component o f  d i s t o r t i o n  occurs a t  the  sw i t ch ing  frequency L~ and 
i t s  m u l t i p l e s  and sidebands, r a t h e r  than a t  simple m u l t i p l e s  o f  the 
fundamental. I n  most app l ica t ions ,  the l oad  conta ins an inherent  
low-pass c h a r a c t e r i s t i c  and thus has a  n e g l i g i b l e  response a t  the  
swi tch ing  frequency; consequently, a  moderate amount o f  high-frequency 
swi tch ing  r i p p l e  i s  t o le rab le .  
Excessive r i p p l e  can degrade the performance o f  a  swi tch ing  
a m p l i f i e r  i n  a  number o f  ways. Electromagnetic i n te r fe rence  may 
p o l l u t e  the opera t ing  environment o f  the a m p l i f i e r .  Component s t resses 
w i t h i n  the  conver ter  increase. These considerat ions o f t e n  impose a  
st ronger l i m i t a t i o n  on the  r i p p l e  amplitude than does the  response o f  
the  load t o  high-frequency d i s t o r t i o n  components. 
The r i p p l e  magnitude may be reduced by designing a  l a r g e r  L-C 
f i l t e r ;  however, t h i s  reduces the  la rge-s igna l  bandwidth as discussed 
i n  the previous sect ion.  The a l t e r n a t i v e  i s  t o  increase the swi tch ing  
frequency. Hence, the  s p e c i f i c a t i o n  o f  the la rge-s igna l  bandwidth 
i n h e r e n t l y  se ts  a  lower bound on the swi tch ing  frequency, and values 
w e l l  i n  excess o f  20 kHz may be requi red.  Unfor tunate ly ,  component 
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nonideal i t ies  l imi t  the maximum switching frequency; t h i s  i s  a major 
constra int  on the perfonance a t ta inable  by present switching 
amplifiers. These nonideali t ies include long t r ans i s to r  and diode 
switching times, the various paras i t i c  inductances and capacitances in 
the c i r c u i t ,  and nonlineari ty of the clocked ramp waveform. These 
problems may be corrected by proper c i r c u i t  design techniques; however, 
these techniques become expensive and d i f f i c u l t  t o  apply a t  high 
switching frequencies. Therefore, reasonable specif icat ions  regarding 
the  large-signal bandwidth and switching r ipple  amplitude are essen t ia l .  
6.4 Crossover Distortion 
I t  is well-known t h a t  c lass  B amplifiers exhibi t  an e f f e c t  known 
a s  "crossover dis tor t ion" .  This troublesome problem occurs when the 
output current passes through zero, and i s  a r e s u l t  of the  dead zone 
in the gain charac te r i s t i c  of the amplifier caused by the base-emitter 
voltage drops of the output t rans i s to rs .  
Unfortunately, a similar e f fec t  occurs in switching amp1 i f i e r s  
which i s  caused by the nonzero forward voltage drop across the  
t r ans i s to r s  and diodes used t o  implement the switching function. This 
e f f ec t  i s  most pronounced in  low-voltage amplifiers using t rans i s to rs  
having large on-state voltage drops. 
For example, consider the bridge-configuration amplifier (without 
input f i l t e r )  of Fig. 6.3. If the t r ans i s to r  and diode forward voltage 
drops are neglected, the dc gain i s  given by 
F 4 .  6 . 3 .  A bhidgc ampfidieh which gen-a c t o ~ n o v e ~  d i s t o h t i o t ~  
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This gain i s  a l inear  function of duty r a t i o  D, as given by the dotted 
l i ne  in Fig. 6.4, and no dc dis tor t ion i s  predicted. However, when the 
t rans i s tor  on-voltage V and diode on-voltage VD are  included, the gain T 
i s  degraded as  indicated by the sol id  l ine in Fig. 6.4. The gain may 
be divided into  three regions of operation. F i r s t ,  fo r  large positive 
values of inductor current i ,  Q and Q4 operate during switched interval 1 
DT , and D2 and D operate during interval D'Ts. The gain i s  given by 
5 3 
E q .  (6.2).  
Thus the dc gain of the amplifier depends on the ra t ios  V / V  and 
T g 
VD/Vg. For large negative values of inductor current,  Dl and D4 
operate during interval DTs. and Q2 and  Q operate during interval D1TS.  3 
The dc gain i s  then given by E q .  (6.3). 
When the average inductor current i s  smaller than the peak current 
r ipple ,  then the actual inductor current i s  sometimes positive and 
sometimes negative during each switching period. In t h i s  case, a l l  
four t rans i s tors  and a l l  four diodes operate a t  sane time during one 
switching period. As a r e su l t ,  the gain l i e s  somewhere between the 
values given by E q s .  (6.2) and (6 .3) ,  and i s  addit ionally a function of 
the current r ipple.  
Fhg. 6.5. Add i t i ona t  v u D t g e  b h  h app l i ed  .to n& o u t  Zhe G+LffbAffv&+L 
di i l - toht ion. 
I n  c lass  B ampl i f ie rs ,  crossover d i s t o r t i o n  i s  cor rec ted  by 
app ly ing  a d d i t i o n a l  b ias  t o  counteract  t h e  e f f e c t  o f  the base-emitter 
vo l tage drops o f  the output  t r a n s i s t o r s .  A s i m i l a r  scheme may be used 
f o r  sw i tch ing  amp l i f i e r s .  As shown i n  F ig.  6.5, one app l ies  an 
a d d i t i o n a l  vo l tage b ias  t o  the  diodes t o  cancel o u t  the  e f f e c t  o f  VT 
and V,,. This b ias  must be adjusted t o  approximately V T  + V t o  n u l l  D 
out  the crossover d i s t o r t i o n .  
A c i r c u i t  s i m i l a r  t o  Fig. 6.5 was constructed us ing the values 
V = 15V, VT = VD = I V ,  and w i t h  a la rge-s igna l  bandwidth o f  1 kHz. 
g 
The open-loop response t o  a 100 Hz t r i a n g l e  wave and 100 Hz s ine  wave 
i s  shown i n  Fig. 6.6, f i r s t  w i thou t  the  a d d i t i o n a l  vo l tage b ias  and 
then w i t h  t h e  b ias  inc luded and p rope r l y  adjusted. A subs tan t i a l  
imorovement can be seen f o r  both waveforms. 
Fig. 6.6. 0LLtpU.t w v e ~ o m  bedohe and a d i e z  t h e  app&cdLon 05 
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Thus, a crossover d i s to r t ion  e f f ec t  caused by the forward voltage 
drop of the t rans i s to rs  and diodes used as switching elements can occur 
i n  switching amplifiers. I t  i s  par t icular ly  noticeable when the forward 
drops are large and the l ine  voltage i s  low. The e f fec t  may be 
eliminated by the addition of voltage bias i n  s e r i e s  with the  switching 
diodes or  t rans i s to rs .  
CHAPTER 7 
EXPERIMENTAL VERIFICATION 
7.1 Introduction 
Two d i f fe ren t  types of switching amplifiers were constructed and 
measured t o  provide quant i ta t ive  ver i f icat ion of the dis tor t ion 
analysis method. First, the bridge-configuration buck amplifier w i t h  
i n p u t  f i l t e r  analyzed in Section 5.3 was constructed, and the frequency 
dependence of the th i rd  harmonic was measured and correlated with the 
analytical  predictions. The boost converter used as an example in 
Chapter 3 was a l so  constructed, and the actual time-domain output 
waveforms a re  shown t o  coincide with the analytical  se r ies  solution.  
Thus, the modelling method i s  ver i f ied i n  two independent ways. 
7 . 2  Bridge-Type Buck Amplifier with Input F i l t e r  
The schematic of the bridge amplifier i s  given in  Fig. 7.1, and 
a number of i t s  features are of in te res t .  F i r s t ,  the adjustable 
voltage sources V and V are  necessary t o  reduce crossover d i s to r t ion ,  1 2 
as explained in Chapter 3. These voltage sources are actual ly  small 
flyback converters, as detailed in  Fig. 7.2, which were adjusted t o  
provide approximately 2 vol ts  output. The remaining th i rd  harmonic 
a t t r ibu tab le  t o  crossover dis tor t ion i s  negligible compared t o  the 
d i s to r t ion  a r i s ing  from other sources. Second, the  very large 25000 pF 
capacitor placed across V i s  necessary t o  reduce the output impedance 
iT 
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o f  t h e  power supply and the  connect ing wires.  This  s tep ensures t h a t  
the  i n p u t  f i l t e r  i s  the on l y  source impedance seen by the  br idge.  The 
d i s t o r t i o n  which remains i s  predominant ly ascr ibab le  t o  the n o n l i n e a r i t y  
inherent  i n  the br idge conver te r  w i t h  i n p u t  f i l t e r .  
The t e s t  setup i s  diagrammed i n  Fig. 7.3. To make measurements 
o f  t h i r d  harmonic d i s t o r t i o n ,  i t  i s  necessary t o  use q u i t e  l i n e a r  l a b  
equipment. Therefore, t h e  o s c i l l a t o r  used was chosen because of the  
spec t ra l  p u r i t y  o f  t h e  s ine  wave i t  produces. Also, s ince the  11 62 
load i s  n o t  referenced t o  ground, a c u r r e n t  probe i s  used t o  measure 
the output  cu r ren t  through t h e  r e s i s t i v e  load, thus avo id ing  the  need 
t o  sense the output  vo l tage d i f f e r e n t i a l l y .  It i s  necessary t o  s e t  
the  probe t o  a h i g h  cu r ren t  scale t o  avo id  t h e  a d d i t i o n a l  harmorlics 
which would otherwise be in t roduced by the c u r r e n t  probe a m p l i f i e r .  
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Next, a  d i s t o r t i o n  analyzer i s  used t o  n u l l  out  the fundamental 
component o f  the output.  At the  ou tput  te rmina l5  o f  the  d i s t o r t i o n  
analyzer i s  a s igna l  conta in ing  a l l  o f  the  harmonics generated by the 
a m p l i f i e r  under t e s t  bu t  no fundamental. The use o f  t h i s  device 
g r e a t l y  increases the  accuracy o f  the  measurements s ince the  
s e n s i t i v i t y  of the network analyzer may then be increased w i thout  
over loading i t s  i n p u t  stage w i t h  fundamental. F i n a l l y ,  the network 
analyzer i s  a device which conta ins a narrow bandpass f i l t e r  fo l lowed 
by a vo l tmeter .  This f i l t e r  i s  tuned t o  the  frequency o f  the  desi red 
harmonic, thus e l i m i n a t i n g  the  o the r  components o f  d i s t o r t i o n .  A 
reading i s  then made using the  ac vol tmeter .  
Fo l lowing the ana lys is  o f  Sect ion 5.3, Bode p l o t s  o f  the  
re levan t  q u a n t i t i e s  /Zill, / Zs2 j ,  and IH31 are constructed i n  Fig. 7.4 
f o r  the ac tua l  component values used. It can be seen t h a t  the 
l i n e a r i t y  c r i t e r i o n  /Zs2)  << /Zil/ i s  n o t  we l l  s a t i s f i e d  i n  the  range 
100 Hz t o  1 kHz. Consequently, subs tan t i a l  t h i r d  harmonic i s  expected 
t o  occur over t h i s  i n t e r v a l  ( t h i s  problem cou ld  be remedied by 
increas ing  the  value of C ). Ac tua l ly ,  as g iven by Eq. (5.10) the  f 
dominant component o f  the  t h i r d  harmonic response i s  
The t h i r d  harmonic has a nonzero ampli tude a t  dc owing t o  the  winding 
res is tance o f  Lf. Over the frequency range o f  10 Hz - 300 Hz, the  
t h i r d  harmonic increases p r o p o r t i o n a l l y  t o  t h e  increase i n  I zs2 I 
caused by Lf. Above 300 Hz, bo th  Zs2 and H decrease. I I 1 3 1  
Fig. 7.4. Pnedicted dtequency dcpendenee 0 6  .the q u a n t i t i a  / ZS2 1 ,  
1 Z 1 ,  and I H3 / Xhe actual! .ten% &&. 
Additionally, above 1 kHz lZill increases. As a  r e su l t ,  a  peak occurs 
a t  300 Hz, past which the amplitude of the th i rd  harmonic decreases. 
The actual fundamental and third-harmonic measurements plotted 
against  the computer-drawn predicted response are given in Fig. 7 . 5  for  
the i n p u t  magnitude E = 0.2. Satisfactory agreement is obtained over 
the en t i r e  range of frequencies measured, thus vindicating the 
procedure. 
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7.3 Boost Converter 
The boost conver ter  used as an example i n  Chapter 3 was a l so  
constructed, and the  time-domain output  wavefons  were measured. A 
computer program was used t o  ca l cu la te  each term i n  t h e  ser ies  
expansion o f  the  output,  and then t o  recons t ruc t  t h e  p red i c ted  ou tput  
waveform by summing the ser ies .  
The power stage schematic i s  g iven i n  Fig. 7.6. This conver ter  
operates w i t h  a dc bias, and hence crossover d i s t o r t i o n  i s  no t  a 
problem f o r  smal l  enough ac s igna ls .  However, i t  i s  s t i l l  poss ib le  
f o r  the i nduc to r  cu r ren t  t o  pass near o r  through zero. For t h i s  
example, t h e  i nduc to r  c u r r e n t  r i p p l e  was approximately 10% of the 
quiescent cur ren t .  For R = 0.4 R,  i t  was found t h a t  t h i s  occurred a t  
,. 
e 
d = 0.03 s in (2n  . 1 kHz)t.  For t h i s  value o f  Re, the smal l -s ignal  
model p r e d i c t s  a resonance a t  1.1 kHz w i t h  a Q o f  8; hence, the  gain i s  
l a rge  enough t o  cause the  i nduc to r  c u r r e n t  t o  pass through zero dur ing  
the  cyc le and generate crossover d i s t o r t i o n .  This problem cou ld  be 
corrected by the  a p p l i c a t i o n  o f  vo l tage b ias  i n  ser ies  w i t h  the diodes 
o r  t r ans i s to r s ,  similar t o  the bridge example. The actual measurements 
were made w i t h  Re = 2.4 n. The c i r c u i t  i s  much be t te r  damped w i t h  this  
A 
value of Re, and no crossover problems occurred f o r  / d l  < 0.2. As a 
r e su l t ,  no voltage bias networks were necessary. 
The pulse-width modulated signal f o r  t h i s  and the previous 
examples was generated by an SG3525 switching regulator chip, running 
a t  50 kHz. The internal  amplifier  was used a t  unity gain. 
The switching t rans i s to rs ,  U44HTO and 045H10, were qui te  f a s t ;  the t o t a l  
delay and storage time was l e s s  than 70 nsec. As a r e s u l t ,  f o r  a pure 
sinusoidal i n p u t ,  the t o t a l  second harmonic measured a t  the col lector  
of the D44H10 was 70 dB below the fundamental, o r  .03%. I t  i s  apparent 
t ha t  the signal-processing and driver portions of the system are  quite 
1 inear. 
The duty r a t i o  was modulated by a spectra l ly  pure sine wave: 
D ( t )  = 0.5 + 0.15 s in (2a fo t )  f o r  the values f o  = 100 Hz, 400 Hz, 1 kHz. 
Scope photos of the output voltage (actual ly  the current i n  the load 
r e s i s to r  R )  are shown in  Fig. 7 .7 .  The computer-predicted waveforms 
a re  a lso given. To obtain the predicted wavefonns, the computer f i r s t  
cs lculates  the magnitude and phase of each term in  the expansion t o  
order (E~). The computer then reconstructs the  predicted waveform 
by sumning the se r ies .  
I t  can be seen tha t  the measured and predicted waveforms agree 
quite well. Hence, the model correct ly  predicts both the magnitudes 
and the phases of the various components of the output waveform. The 
model has now been ver i f ied in two independent ways. 
Fig. 7.7. ExpehimentLtaeeq measwed olLtpu*. ~ a v e 6 o m 6 ,  te62, a d  
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CHAPTER 8 
CONCLUSIONS 
A fundamental d i f f e r e n c e  e x i s t s  between the  swi tch ing  a m p l i f i e r  
and the  swi tch ing  power supply: the a m p l i f i e r  must reproduce cont inua l  
la rge-s igna l  v a r i a t i o n s  o f  a  c o n t r o l  s i gna l ,  whereas the  power supply 
need on ly  regu la te  a  dc ou tput  aga ins t  t h e  occasional ex te rna l  
per tu rba t ions  which may occur. Consequently, there  i s  a  need t o  
i d e n t i f y  the  fea tures  o f  the  swi tch ing  a m p l i f i e r  which l i m i t  i t s  
la rge-s igna l  performance, and t o  formulate a  t r a c t a b l e  procedure f o r  
i t s  la rge-s igna l  ana lys is  and design. 
Switching a m p l i f i e r s  a re  i n  general non l inear  and u s u a l l y  generate 
low-frequency harmonic d i s t o r t i o n .  Furthermore, the  magnitude o f  t h i s  
d i s t o r t i o n  i s  a  f u n c t i o n  o f  frequency which may a t t a i n  a  peak a t  some 
intermediate frequency. Hence, a  dc d i s t o r t i o n  ana lys is  i s  n o t  
s u f f i c i e n t ;  ra the r ,  i t  i s  necessary t o  cons t ruc t  ac models which 
p r e d i c t  peak values and frequency ranges over which they  occur. 
A model which approximates t h e  p rope r t i es  o f  i n t e r e s t  i s  
described i n  Chapter 3. This model i s  e s p e c i a l l y  w e l l - s u i t e d  f o r  
a m p l i f i e r  design because i t  i s  Lheati; as a  r e s u l t ,  marly o f  the  
standard, f a m i l i a r  techniques o f  l i n e a r  c i r c u i t  theory may be appl ied, 
and i n s i g h t  i s  gained i n t o  the  la rge-s igna l  opera t ion  of the e n t i r e  
system. 
The mode l l ing  procedure i s  extended i n  Chapter 4 f o r  the case 
when two independent s inuso ida l  i npu ts  a re  present;  i n  t h i s  s i t u a t i o n ,  
in te rmodu la t ion  d i s t o r t i o n  occurs which i s  caused by the non l inear  
i n t e r a c t i o n  o f  the  two inputs .  Add i t iona l  l i n e a r  c i r c u i t  models may 
be found which descr ibe t h e  in te rmodu la t ion  cmponents o f  the output.  
Again, these models may be e a s i l y  evaluated by the use o f  well-known 
l i n e a r  techniques. 
As an example o f  the  procedure, two buck-type a m p l i f i e r s  w i t h  i n p u t  
f i l t e r s  are analyzed i n  Chapter 5, and are found t o  generate harmonics 
a t  t h e i r  outputs. Bode p l o t s  o f  a l l  r e l e v a n t  q u a n t i t i e s  are 
constructed, revea l i ng  the  dependence o f  the  harmonic d i s t o r t i o n  on the 
var ious element values i n  t h e  c i r c u i t .  For these examples, the 
r e l a t i v e  d i s t o r t i o n  may be reduced t o  an a r b i t r a r i l y  low l e v e l  by the 
design o f  Zs2 s )  s u f f i c i e n t l y  smal ler  than 2 .  (s) . This i nvo l ves  l ' I  1.1 I 
the  proper choice o f  conver te r  corner  frequencies and associated 
Q- fac tors  t o  avo id  excessive peaking i n  the harmonic response. Thus, 
t h e  d i s t o r t i o n  p rope r t i es  o f  t h e  a m p l i f i e r  are e a s i l y  r e l a t e d  t o  
f a m i l i a r  parameters o f  t h e  system. 
The above r e s u l t s  are v e r i f i e d  exper imenta l l y  i n  Chapter 7. F i r s t ,  
a br idge- type buck a m p l i f i e r  w i t h  i n p u t  f i l t e r  was measured t o  conf irm 
the p red i c ted  frequency dependence o f  the  fundamental and t h i r d  
harmonic components o f  the output.  Next, a boost conver ter  was measured 
t o  conf i rm the  a b i l i t y  o f  t h e  method t o  p r e d i c t  the  ac tua l  time-domain 
waveforms present i n  the a m p l i f i e r .  
Other sources of dis tor t ion e x i s t ,  each of which must be 
eliminated before sound large-signal performance is obtained. A 
crossover dis tor t ion e f f ec t  similar t o  the one found in  c lass  B 
amplifiers can occur, and may be corrected fo r  by the addition of an 
external voltage bias i n  se r ies  with the switching t rans i s to rs  o r  
diodes. Slew-rate l imita t ions  can occur in any type of amplifier;  
however, t h i s  problem is  par t icular ly  severe in high bandwidth switching 
amplifiers. To extend the large-signal bandwidth of a switching 
amplifier ,  one must to le ra te  e i t he r  larger switching r ipple  o r  a 
higher switching frequency. This tradeoff i s  a fundamental l imitation 
on the performance obtainable from a practical  switching amplifier. 
The various l imitations on the large-signal performance of 
switching amplifiers are thus exposed, and some possible remedies have 
been suggested. The models developed allow the informed large-signal 
design of switched-mode amplifiers. 
PART 2 
TRANSI ENTS IN SWITCHING REGULATORS 
CHAPTER 9 
INTRODUCTION 
9.1 I n t r o d u c t i o n  
Part  1  considered the  e f f e c t  o f  the swi tch ing  conver ter  
n o n l i n e a r i t y  on the  fo rced response o f  t h e  converter.  This problem 
i s  o f  i n t e r e s t  i n  l a rge -s igna l  ac app l i ca t i ons  such as i n  power 
a m p l i f i e r s .  I n  Pa r t  2, the  e f f e c t  o f  t h e  n o n l i n e a r i t y  on the  un6ohced 
response i s  inves t iga ted .  This f i n d s  a p p l i c a t i o n  i n  the  design of dc 
regu la tors ,  where i t  i s  necessary t o  ensure t h a t  t h e  closed-loop 
system i s  s tab le  and well-behaved f o r  a l l  poss ib le  t r a n s i e n t s  and 
ex te rna l  per tu rba t ions .  
Because o f  the  i n h e r e n t l y  non l inear  behavior o f  sw i tch ing  
converters, i t  i s  very d i f f i c u l t  t o  design a  s t a b l e  feedback loop us ing  
exact  methods s ince the  r e s u l t i n g  d i f f e r e n t i a l  equat ions cannot 
genera l l y  be solved. Instead, smal l -s igna l  methods are commonly used, 
where one l i n e a r i z e s  the  r e g u l a t o r  model about a  quiescent opera t ing  
po in t .  These models are very use fu l  t o  the  p r a c t i c i n g  engineer s ince 
he may apply a l l  o f  the  r e l a t i v e l y  simple techniques o f  l i n e a r  c i r c u i t  
theory such as Bode p l o t s ,  r o o t  locus, e t c .  The phys ica l  i n s i g h t  
gained then a l lows the  engineer t o  i n t e l l i g e n t l y  design h i s  feedback 
loop and t o  s p e c i f y  important  smal l -s igna l  s p e c i f i c a t i o n s  such as audio 
s u s c e p t i b i l i t y  and output  impedance. 
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Unfortunately, because of the small-signal approximation, these 
methods do not ensure the complete large-signal s t a b i l i t y  of the 
quiescent operating point. One might conceive of a regulator which 
behaves a s  i l l u s t r a t ed  in Fig. 9.1. For small perturbations, l ess  
than some radius r from the quiescent operating point ,  the regulator 
behaves a s  predicted by the small-signal model, and t ransients  
converge as expected. However, f o r  large perturbations, the nonlinear 
terms become s ign i f ican t ,  and some solutions do not converge t o  the 
desired quiescent point ( i . e . ,  some solutions are unstable). Other 
large t ransients  do converge, but w i t h  a large,  d is tor ted waveform 
which may be much larger  than predicted by the small-signal model and 
hence unacceptable. 
A regulator which exhibi ts  the hypothetical behavior i l l u s t r a t ed  
i n  Fig. 9.1 obviously i s  unreliable and unacceptable. The 
investigation of the e f f ec t s  of switching regulator nonl inear i t ies  
and the exposition of some techniques fo r  the avoidance of large-signal 
i n s t a b i l i t i e s  a re  the subjects of Par t  2. 
9.2 The Large-Signal S t ab i l i t y  Problem: An Example 
Before embarking on a large-signal s t a b i l i t y  analysis,  i t  i s  
necessary t o  determine whether the e f f ec t  of the converter 
nonlineari ty i s  s ignif icant .  Is  i t  possible t o  design a regulator 
whose response t o  large perturbations deviates substant ia l ly  from the 
response predicted by the small-signal model? Even worse, i s  i t  
possible fo r  the  response t o  be reasonably s table  fo r  small signals 
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b u t  diverge for  large t rans ien ts?  An example i s  given in  t h i s  
section which demonstrates t ha t  the answer t o  the above questions i s  
ycd; large-signal phenomena e x i s t  which can seriously degrade the 
performance of a switching regulator,  and these phenomena are n o t  
predicted by small-signal models. 
Consider the boost regulator shown i n  Fig. 9.2. The dc gain and 
eff ic iency curves a re  shown in Fig. 9.3. This regulator was designed 
t o  operate a t  a nominal duty r a t i o  of .6 w i t h  an eff ic iency of 70.5:,. 
The state-space-averaged small-signal model [1,11], i s  shown in Fig. 
9.4. To s t a b i l i z e  the  system in the presence of the right-half-plane 
zero which appears i n  the duty-ratio-to-output t rans fe r  function, the 
inductor current i s  fed back i n  addition t o  t h e  o u t p u t  voltage. The 
integral  of the output voltage i s  a l so  fed back t o  improve regulation. 
For the values chosen, the closed-loop small-signal response contains 
one real pole and  two complex poles with a Q of .6; t h u s ,  the system 
appears t o  be qui te  s table  and well-damped. A computer program, 
deta i led in Fig. 12.3 l a t e r  in t h i s  t he s i s ,  was used to  invest igate  
the  large-signal response of t h i s  regulator.  The computer-predicted 
response t o  a small s tep change in inductor current and capacitor 
voltage i s  diagrammed in Fig. 9.5. I t  i s  indeed well-behaved; the 
waveforms appear l inear ,  and a very small amount of overshoot occurs 
in the control (2 )  waveform. The small-signal model i s  an excellent  
approximation i n  t h i s  case. 
The response t o  a s tep change of intermediate proportions i s  
shown in Fig. 9.6. The so l id  l i ne  i s  the nonlinear response, and the 
dotted l ine  i s  the response predicted by the small-signal model. 
Although this response i s  s t ab l e ,  i t  i s  decidedly nonlinear. The peak 
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i nduc to r  c u r r e n t  i s  l a r g e r  than the amount p red i c ted  by t h e  smal l -s ignal  
model, and the c o n t r o l  (2) waveform overshoots i t s  nominal value much 
more than expected. The smal l -s ignal  approximation i s  u n j u s t i f i e d  i n  
t h i s  case. 
The response t o  a  y e t  l a r g e r  s tep change i n  i nduc to r  c u r r e n t  and 
capac i to r  vo l tage i s  shown i n  Fig. 9.7. The system i s  unstable i n  t h i s  
case! The vol tages and cur ren ts  i n  t h e  system become la rge ,  and the 
c o n t r o l  s i gna l  saturates a t  i t s  maximum value. Obviously, t h i s  design 
i s  u n r e l i a b l e .  
I n  t h i s  example, the  smal l -s igna l  approximation i s  u n j u s t i f i e d  
f o r  moderate o r  la rge  per tu rbat ions .  Hence, even though the smal l -  
s i gna l  model p r e d i c t s  t h a t  t h e  system response i s  well-damped, the 
e f f e c t  o f  the  n o n l i n e a r i t y  can be o f  s ign i f i cance ,  causing l a r g e r  
overshoots than expected and poss ib l y  even i n s t a b i l i t i e s .  
9.3 Ou t l i ne  o f  Discussion 
From t h e  above example, i t  i s  apparent t h a t  smal l -s ignal  sw i tch ing  
r e g u l a t o r  models do no t  necessa r i l y  inc lude a l l  fea tures  o f  importance. 
It i s  o f  i n t e r e s t ,  there fore ,  t o  model these a d d i t i o n a l  la rge-s igna l  
e f f e c t s .  I n  Chapter 10, the  basic  t o o l s  necessary f o r  the  non l inear  
ana lys i s  o f  Par t  2 are reviewed. I n  Chapter 11, a  non l inear  model i s  
der ived which p r e d i c t s  t h e  behavior described i n  t h e  boost example 
absve. Two versions o f  t h i s  model are described. F i r s t ,  a  
d isc re te- t ime model i s  der ived which i s  w e l l - s u i t e d  f o r  computer 
s imulat ions.  Second, a  cont inuous-t ime model i s  found which i s  
sometimes more convenient f o r  a n a l y t i c a l  ca l cu la t i ons .  Next, the 
s a t u r a t i o n  o f  the  pu lse-w id th  modulator i s  accounted f o r .  This 
phenomenon has a  s i g n i f i c a n t  e f f e c t  on the la rge-s igna l  response o f  
t i le  regu la to r ,  and hence cannot be ignored. Models a re  der ived which 
describe the  response o f  the  r e g u l a t o r  i n  the  sa tura ted  regions. 
Other modes o f  opera t ion  may occur, i n c l u d i n g  c u r r e n t  l i m i t i n g  modes 
and t r a n s i e n t  discont inuous mode. The swi tch ing  regu la to r  i s  u s u a l l y  
rendered s t a b l e  f o r  l a rge  t r a n s i e n t s  by the  a d d i t i o n  o f  e x t r a  modes 
o f  opera t ion  which improve t h e  l a rge -s igna l  response. It i s  
necessary t o  model each o f  these modes i n  o rder  t o  understand the 
opera t ion  o f  the  regu la to r  and t o  ob ta in  a well-behaved system. The 
t r a n s i e n t  discont inuous conduct ion mode i s  modelled i n  Sect ion 11.4 
and the  e f f e c t  o f  a  cu r ren t  l i m i t i n g  mode i s  discussed i n  Sect ion 13.9. 
I n  Chapter 12, t h e  i m p l i c a t i o n s  o f  these models are examined. 
F i r s t ,  the  e q u i l i b r i u m  po in t s  o f  the  system are  calculated.  The 
presence o f  r e a l  e q u i l i b r i u m  p o i n t s  i n  a d d i t i o n  t o  the  des i red  
quiescent opera t ing  p o i n t  i n d i c a t e s  the ex is tence o f  unstable 
t r a n s i e n t  so lu t i ons ;  there fore ,  these a d d i t i o n a l  r e a l  e q u i l i b r i u m  
p o i n t s  must be e l im ina ted.  Next, t h e  t r a j e c t o r i e s  o r  t r a n s i e n t  
waveforms are ca lcu la ted .  Peak t r a n s i e n t  cu r ren t  and vol tage l e v e l s  
may then be determined, and the  ex is tence o r  absence o f  uns tab le  
s o l u t i o n s  v e r i f i e d .  
I n  Chapter 13, a  simple boost r e g u l a t o r  example i s  solved. The 
var ious modes o f  opera t ion  are determined, and a n a l y t i c a l  expressions 
are  found f o r  t h e i r  e q u i l i b r i u m  po in t s  and boundaries i n  the s t a t e  
plane. Approximate a n a l y t i c a l  expressions are  a l s o  found f o r  the 
time-domain t r a n s i e n t  waveforms. A number o f  mod i f i ca t i ons  are 
suggested which improve the response, and y i e l d  a completely s tab le  
regu la tor .  This boost r e g u l a t o r  example was constructed, and the 
ana lys is  o f  Chapter 13 was v e r i f i e d  exper imenta l ly ,  as sumiarized i n  
Chapter 14. The observed t r a n s i e n t  waveforms agree q u i t e  w e l l  w i t h  
the  p red i c t i ons ,  and the ex is tence of unstable so lu t i ons  i s  confirmed. 
As s u m a r i z e d  i n  Chapter 15, t h i s  ana lys i s  po in t s  out  the 
p o s s i b i l i t y  o f  i n s t a b i l i t i e s  which occur owing t o  the non l inear  nature 
of the  swi tch ing  regu la tor .  I n s i g h t  may be gained i n t o  t h e  la rge-  
s i g n a l  behavior o f  the  regu la to r ,  and the  mod i f i ca t i ons  necessary t o  
ob ta in  a  well-behaved, g l o b a l l y  s tab le  r e g u l a t o r  then become 
apparent. Thus, t h e  informed la rge -s igna l  design o f  sw i tch ing  
regu la to rs  i s  now possib le.  
CtiAPTER 10 
FUNDAMENTALS OF STATE-PLANE ANALYSIS 
10.1 I n t r o d u c t i o n  
The p l o t t i n g  o f  t r a n s i e n t  waveforms i n  t h e  s t a t e  plane i s  a 
well-known technique f o r  t he  ana l ys i s  and design o f  non l i nea r  
systems. Not o n l y  can the  s t a t e  plane p o r t r a i t  o f  a  system i l l u s t r a t e  
i t s  s t a b i l i t y  reg ions,  bu t  a l s o  the  t r a n s i e n t  peak cu r ren ts  and 
vol tages may be found. The var ious  s a l i e n t  f ea tu res  o f  the response, 
such as the  p o s i t i o n s  o f  e q u i l i b r i u m  po in t s ,  may be determined, and i n  
many cases a n a l y t i c a l  expressions can be obta ined which y i e l d  i n s i g h t  
i n t o  the dependence o f  these fea tu res  on the  var ious  c i r c u i t  element 
values. The e f f e c t  o f  var ious  m o d i f i c a t i o n s  such as the  a d d i t i o n  
o f  a  c u r r e n t  l i m i t i n g  mode i s  a l s o  e a s i l y  seen. Thus, the s ta te -p lane 
technique i s  a  use fu l  design t o o l .  
The n o n l i n e a r i t y  i nhe ren t  i n  t he  conver te r  power stage, whose 
e f f e c t  on the  d i s t o r t i o n  generated by sw i t ch ing  a m p l i f i e r s  i s  considered 
i n  Par t  1, i s  n o t  t he  o n l y  non l i nea r  phenomenon o f  s i g n i f i c a n c e  i n  a 
sw i tch ing  regu la to r .  A number o f  d i f f e r e n t  tiiodes o f  opera t ion  occur, 
e i t h e r  unavoidably o r  by design. These modes i nc lude  the sa tu ra t i on  o f  
t he  pulse-width modulator, the t r a n s i e n t  d iscont inuous conduct ion mode, 
and c u r r e n t  l i m i t i n g  modes, a l l  o f  which a f f e c t  the s t a b i l i t y  and peak 
t r a n s i e n t  c u r r e n t  and vo l tage i e v e l s  o f  t he  r e g u l a t o r .  Consequently, 
i t  i s  o f  i n t e r e s t  t o  rev iew tne  behavior o f  piecewise systems. 
In t h i s  chapter, the fudamentals of the  analysis of piecewise 
nonlinear systems in the s t a t e  plane are reviewed. The various types 
of equilibrium points which can occur are l i s t e d ,  a n d  t h e i r  influence 
on the t r a j ec to r i e s  of the  system i s  described. The appl icabi l i ty  of 
tnese tecnniques t o  switching regulator analysis i s  i l l u s t r a t ed  by 
example. The large-signal regulator design problem i s  then examined 
i n  greater  d e t a i l ,  and the s t ra tegy for  the solution of t h i s  problem 
i s  formulated. 
10.2 Review O f  State-Plane Analysis And Piecewise Systems 
The state-plane i s  used in  Part 2 t o  display the t rans ien t  
inductor current and capacitor voltage waveforms of the  switching 
regulator fo r  various values of i n i t i a l  voltage v (0 )  and current i L ( 0 ) .  C 
For example, consider the boost regulator of Fig. 10.1. This system 
contains two independent s t a t e s ,  the inductor current i L a n d  the 
capacitor voltage vc. The s t a t e  plane fo r  t h i s  converter might appear 
as shown in F i g .  10.2. The t ransients  which r e su l t  from a few d i f fe ren t  
i n i t i a l  conditions a re  plotted with time as an implicit  variable;  these 
are known a s  the "state-plane t r a j ec to r i e s "  of the system. I t  can be 
seen tha t  some state-plane t r a j ec to r i e s  converge t o  the point ( I o , V o )  
while others do not. 
The equilibrium points of a system are  prominent features of i t s  
state-plane po r t r a i t ;  they reveal a great  deal of information regarding 
the large-signal response. The system i s  designed t o  regulate the 
capacitor (output) vottage a t  a quiescent level V,,. The quiescent 
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inductor current I. i s  then detennined by the output load. Thus, by 
design, the system contains an equilibrium point a t  (IO,VO). 
In general, every equilibrium point of a system s a t i s f i e s  the 
continuous-time re la t ion given in Eq. (10. la)  or  i t s  d i sc re te  
counterpart Eq. (10.1 b ) ,  given below: 
where the vector - x ( t )  contains the independent s t a t e  variables of the 
system. As demonstrated in Chapter 1 2 ,  Eq. (10.1) may be used to  
obtain analytical  expressions for  the  positions of the equilibrium 
points. A nonlinear system may have more than one equilibrium point;  
indeed, the boost regulator example of Chapter 13 contains three. The 
presence of real  equilibrium points i n  addition t o  the desired 
quiescent point indicates t ha t  the  response fo r  large signals deviates 
substant ia l ly  from the small-signal predictions,  and t h a t  unstable 
solutions may ex i s t .  Therefore, these unwanted real equilibrium points 
must be eliminated. 
A c lass i f ica t ion  of the  d i f fe ren t  types of isola ted real 
equilibrium points can be found i n  any nonlinear system textbook. If  
a l l  t ra jec tor ies  i n  the neighborhood of a given equilibrium point 
diverge from the given point ,  then i t  i s  cal led an "unstable 
FLg. 10.3. A pLeceMline bybte~n LA ddebctLibed by d i 6 d e h e ~ ~ t  ipabnibLy 
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equilibrium point". If some t r a j ec to r i e s  in the  near vic ini ty  converge 
and others diverge, then i t  i s  a "saddle point", while i f  a l l  nearby 
t r a j ec to r i e s  converge then the point i s  a "stable equilibrium point". 
If a l l  t r a j ec to r i e s  in the en t i r e  s t a t e  plane converge t o  a single 
equilibrium point, then i t  i s  "globally s table" .  I t  i s  desired t o  
ensure t h a t  the  quiescent operating point of the  regulator i s  globally 
s tab le ,  and furthermore t ha t  a l l  t r a j ec to r i e s  converge in a well- 
behaved manner. 
The typical switching regulator i s  a piecewise system. As 
i l l u s t r a t ed  i n  Fig. 10.3, one s e t  of possibly nonlinear s t a t e  equations 
describes the system i n  region I of the  s t a t e  plane, a d i f fe ren t  s e t  
of equations describes the  system in region 11, and so on. Associated 
witn each region i s  a separate s e t  of t r a j ec to r i e s  and equilibrium 
points. The s t a b i l i t y  of the e n t i r e  system depends not only on the 
equilibrium points and shapes of the  t r a j ec to r i e s  i n  the  various 
regions, but a l so  on the  boundaries between tne regions. 
For example, consider the system described by the following 
s t a t e  equations: 
The s t a t e  equations change, depending on the  sign of x l ;  hence, the 
s t a t e  plane fo r  t h i s  system contains two regions whose boundary i s  the 
l ine  x l  = 0. As shown in Fig. 10.4, the  s t a t e  equations contain two 
real equilibrium points. For x l  > 0,  the equilibrium p o i n t  occurs a t  
( 1 ,0 ) ,  and for  xl  < 0 the equilibrium point occurs a t  (-1,O). 
The system t r a j ec to r i e s  a re  constructed by considering each 
region separately. For x l  > 0 ,  the s t a t e  equations (10.2a) a re  
l inear  and can be solved exactly:  the waveforms a re  damped sinusoids. 
These solutions a re  plotted in the s t a t e  plane as shown in Fig. 10.5; 
they sp i ra l  i n to  the s table  focal point a t  (1,O). The t r a j ec to r i e s  
predicted by Eq. ( l0 .2a)  a re  shown a s  dotted l ines  i n  the  l e f t  half-  
plane since Eq. (10.2a) is not valid for  x  < 0. 1 
F i g .  10.4. The 4ecjio~zn ad t h e  b&Uk pLme doti .the nyntem ad E q .  I 1  0 . 2 ) .  
The h i g k t  ha&-phize L? d e b c h i b d  by E q .  ( 1 0 . 2 ~ 1  atzd Llze 
l ed f  hold-phtze .i6 dedmibed by  E q .  ( l O . Z b ) .  
F .  0 . .  Tlze b o h t 2 . 0 ~ 1 ~  0 6  t h e   me eyuatioizs I 1  0.2ai 6oh ;the 
hae6-p tme m e  damped b & u ~ o i d ~ ;  hence, t h e  Oz t j ec toh ies  
~ p U  t h e  ~ & I b l e  d a m  at (1,O). T h a e  e o t h t h ~ z - ; ,  
m e  v U  doti x l  > 0. 
Fig .  1 0 . 6 .  The b o W o i z n  06 t h e  equatioizn 11 0.261 boa -the P e i t  
hd .6 -phne  m e  d o  damped 6-i)ZuboioL; t h e  a h t j e c t o n i e b  
dph.ut d o  t h e  ~ & I b l e  6 o c d  po&t at (-1.0). Thebe 
s o l u t i ~ i z n  m e  o d y  va t i d  hati x l  < 0 .  
Fig. 10.7 .  The comt~Lete 6 m e - p L m e  p o h t t r d  ad t h e  AybZem 0 6  Eq. ( 1  0 . 2  1. 
Some Ztajec tohies  cotzvenye 20 t h e  bXable eq&bhiwn pobd  
( I & ) ,  wiLiCe t h e  o Z k m  convenyc t o  (-1,O). 
A s i m i l a r  a n a l y s i s  holds f o r  x < 0. In t h i s  case ,  Eq .  (10.2b) 1 
i s  solved and t h e  so lu t ions  p lo t t ed  i n  t h e  s t a t e  plane a s  shown i n  
Fig. 10.6. The t r a j e c t o r i e s  s p i r a l  i n t o  t h e  s t a b l e  foca l  point  a t  
( 1  0 )  These so lu t ions  a r e  not  va l id  f o r  x l  > 0. 
Figures 10.5 and 10.6 may now be combined a s  shown i n  Fig. 10.7 
t o  obta in  t h e  s t a t e -p lane  p o r t r a i t  f o r  t h e  e n t i r e  system. I t  can be 
seen t h a t  some t r a j e c t o r i e s  converge t o  (1 ,0 ) ,  while o the r s  converge 
t o  (-1,O). Thus, n e i t h e r  equi l ibr ium point  i s  g loba l ly  s t a b l e .  
As a second example, consider the system described by the  following 
s t a t e  equations: 
This systern i s  similar t o  the system of E q .  (10.2), except the 
equilibrium point a t  (1,O) has been moved t o  (-0.5,0). 
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For x l  > 0, the solutions a re  again damped sinusoids,  and the 
t r a j ec to r i e s  tend t o  sp i ra l  i n t o  the focal point a t  (-0.5,0), a s  snown 
i n  Fig .  10.8. However, these t r a j ec to r i e s  leave the  r i gh t  half-plane 
anere Eq. (10.3a) is  valid before the focal point is  reached; thus,  
the  system is  not actual ly  in equilibrium a t  (-0.5,O). Instead, 
Eq. (10.36) i s  invoked a s  xl becomes negative, and the solutions 
sp i ra l  in to  the s table  equilibrium point a t  (-1,0) a s  shown in Fig. 
10.3. I t  i s  apparent t ha t  t h i s  real equilibrium p o i n t  (-1,O) i s  
globally s table .  
Because the point (-0.5,O) l i e s  outside of the r ight  half-plane 
where Eq. (10.3a) i s  val id ,  the system i s  not actual ly  in equilibrium 
there.  Such a  point i s  called a  "virtual  equilibrium point". In t h i s  
instance, the original  system, described by E q .  (10.2),  i s  not globally 
Fig. 10.9. The compLete n.tde-pl'm1e p o h t w d  od -the n yniem 0 6  
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s table  because i t  contains two real  equilibrium points. However, 
movement of the  equilibrium point of the  r igh t  half-plane s t a t e  
equations i n t o  tne l e f t  half-plane causes the  system t o  contain one 
real equilibrium point and  one vir tual  equilibrium point. The 
reraaiiiing real equilibrium point a t  ( - 1 , O )  then becomes globally 
s table .  
Although i t  i s  necessary t o  eliminate a l l  extra  real equilibrium 
points before a well-behaved globally s table  system i s  obtained, simply 
changing tnese extra real  equilibrium points in to  vir tual  ones i s  
not always suf f ic ien t .  For example, consider the  system 
i = X 2  + 0.5 1 I fo r  x > 0 1 = - x - 0.5 x - 0.55 2 1 2 
; = x  - 0 . 5  1 2 I f o r  x l  < 0 (10.4b) = - x  - 0 . 5 ~ ~ - 0 . 5 5  2 1 
The s t a t e  equations for  the l e f t  half-plane now contain a real s table  
equilibrium point a t  (-0.3,0.5) and the s t a t e  equations fo r  the r ignt  
half-plane contain a vi r tual  equilibrium point a t  (-0.3,-0.5). 
Equations (10.4) may be solved by the same procedure used fo r  the  
previous two exaniples. The t r a j ec to r i e s  fo r  the l e f t  half-plane sp i ra l  
i n to  the s table  focal point a t  (-0.3,0.5), as shown in Fig. 10.10a, and 
the t r a j ec to r i e s  for  the r ight  half-plane tend t o  sp i ra l  in to  the 
vir tual  focaT point a t  (-0.3,-0.5), a s  shown i n  Fig. 10.10b. 
Combination of Figs. 10.10a and 10.10b then yie lds  the complete system 
t ra jec tor ies  shown in Fig. 10.11. I t  can be seen tha t  solutions in the 
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vic in i ty  of the  real equilibrium point a t  (-0.3,0.5) converge there ,  
b u t  a l l  other solutions en te r  a  s table  l imit  cycle instead. T h u s ,  
th is  system i s  not globally s table .  
I t  i s  evident tha t  the f ac t  t ha t  a  piecewise system contains 
exactly one real equilibrium point ,  which i s  loca l ly  s t ab l e ,  i s  not 
suf f ic ien t  t o  guarantee global s t a b i l i t y .   gonet the less, i t  i s  necessary 
t o  eliminate a l l  extra real equilibrium points in order t o  obtain a  
well-behaved system. Since i t  i s  f a i r l y  simple t o  obtain analytical  
expressions fo r  the positions of the equilibrium points in the s t a t e  
plane, a reasonable design procedure i s  t o  f i r s t  position the  
equilibrium points of the system such tha t  a l l  except the desired 
quiescent operating point a re  v i r tua l .  The system t r a j ec to r i e s  a re  
then constructed,  e i t h e r  by cotnputer as d e t a i l e d  i n  Chapter 12, o r  by 
approximate methods as described i n  Chapter 13. This  e i t h e r  provides 
v e r i f i c a t i o n  t h a t  a l l  t r a n s i e n t  so lu t i ons  are  s tab le  and well-behaved, 
o r  i t  revea ls  t h e  presence o f  a l i m i t  cyc le  an4 i n d i c a t e s  t h a t  f u r t h e r  
rnodi f i c a t i o n s  are  necessary. 
10.3 Tne Swi tch ing Regulator Problem I n  tilore D e t a i l  
The regions o f  opera t ion  of a t y p i c a l  sw i tch ing  regu la to r  are 
shown i n  Fig. 10.12. The p a r t i c u l a r  c o n f i g u r a t i o n  used i n  t h i s  example 
i s  the  same simple boost r e g u l a t o r  s tud ied  i n  d e t a i l  i n  Chapter 13. The 
system operates i n  the  usual unsaturated mode i n  the  v i c i n i t y  o f  the 
quiescent  opera t ing  p o i n t  (IO,VO) ( reg ion  1 i n  t h e  f i g u r e ) .  The s t a t e  
equat ions are  non l inear  i n  t h i s  region,  and more than one r e a l  
e q u i l i b r i u m  p o i n t  may occur here. Next, t h e  s a t u r a t i o n  o f  t h e  pulse- 
r i d t h  modulator causes the  du ty  r a t i o  t o  remain f i xed ,  a t  i t s  
minimum value i n  reg ion  2 and a t  i t s  maximum value i n  reg ion  3 .  The 
s t a t e  equat ions are  l i n e a r  i n  bo th  o f  these regions; hence, each reg ion  
conta ins a s i n g l e  e q u i l i b r i u m  p o i n t  which may be r e a l  o r  v i r t u a l .  
Region 4 i s  t i l e  t r a n s i e n t  d iscont inuous conduct ion mode, described by 
y e t  another s e t  o f  non l inear  d i f f e r e n t i a l  equat ions. Regions 1, 2, 3, 
and 4 occur n a t u r a l l y  i n  most swi tch ing  regu la tors .  A f i f t h  reg ion  
o f  opera t ion  i s  u s u a l l y  added as shown i n  an attempt t o  l i m i t  the   pea^ 
cu r ren t  l e v e l s  which t h e  system must endure. The s t a t e  equat ions which 
describe t h i s  reg ion  are u s u a l l y  non l i nea r  a lso.  Thus, a t y p i c a l  
system conta ins many regions o f  opera t ion  and i s  described by piecewise 
s t a t e  equat ions. 
Fig .  10.12.  The hegiond 0 6  op&on 06 a .typic& baud2 treyd&oti: 
( 1  ) umetwiated tregion; 12 1 D = 0 & W e d  tregioul; 
13) D = 1 butututed tiegi~cor?; 14)  .Omuient d i 6 c o t ~ u o u h  
co~duct ion  mode; 15) c m e n t  L b n L t A t g  mode. 
I t  i s  apparent t h a t  a t rans ien t  analysis of even the simplest 
practical  switching regulator may become very complex and  involved. 
To be e f fec t ive ly  designed, the  system must f i r s t  be analyzed in a 
systematic way. F i r s t ,  the various regions must be iden t i f i ed ,  t h e i r  
boundaries constructed, and the  s t a t e  equations determined. This i s  
done in the next chapter. The key " l inear  r ipple approximation" used 
i n  previous small-signal analyses [1 ,2,41] i s  used here t o  obtain more 
lucid resu l t s .  The t ransient  solutions should then be somehow 
constructed, and analyt ic  expressions found fo r  a11 sa l i en t  features 
which allow the i n t e l l i gen t  design of the  system. Owing t o  the 
piecewise nonlinear nature o f  the  system, t h i s  i s  a d i f f i c u l t  problem 
in general. For second order systems, the s t a t e  plane i s  an efficacious 
tool and i s  eniployed in the chapters which follow. The t r a j ec to r i e s  
can be ea s i l y  found, and the e f f ec t  of modifications such a s  the 
addition of a current l imiting mode or  l imiting the maximum duty r a t i o  
i s  apparent. Unfortunately, the genera1 higher order system i s  much 
more d i f f i c u l t  t o  design. Analytical expressions for  the  locations 
of the equilibrium points may s t i l l  be determined and used t o  position 
them properly; b u t ,  as noted i n  the previous sect ion,  t h i s  i s  not 
suf f ic ien t  t o  guarantee global s t a b i l i t y .  The solutions may, however, 
be found by computer methods; t h i s  allows the ver i f icat ion of global 
s t a b i l i t y  and the  determination of peak t ransient  voltages and currents.  
Tne modifications necessary t o  obtain a well-behaved system then 
become apparent. 
CHAPTER 11 
LARGE-SIGNAL MODELLING 
11.1 I n t r o d u c t i o n  
I n  t h i s  sec t ion ,  the  non l inear  s t a t e  equat ions which describe 
swi tch ing  regu la to rs  opera t ing  i n  the cont inuous conduct ion mode are 
derived, and t h e  regions o f  t h e i r  v a l i d i t y  are i d e n t i f i e d .  Two 
versions o f  the  model are use fu l .  F i r s t ,  a  d i sc re te - t ime  model i s  
found which i s  s u i t a b l e  f o r  computer s imu la t ion .  Second, an 
a d d i t i o n a l  approximation i s  made which y i e l d s  a  cont inuous-t ime 
model ; t h i s  model i s  o f t e n  more convenient f o r  a n a l y t i c a l  ca l cu la t i ons .  
Both models incorpora te  t h e  key " l i n e a r - r i p p l e  approximation" used i n  
previous smal l -s ignal  methods 11,2,11,47,48J. However, no smal l -s ignal  
assumption i s  made; as a  r e s u l t ,  the  method i s  v a l i d  f o r  l a rge  s igna ls .  
Next, the s a t u r a t i o n  c h a r a c t e r i s t i c s  o f  the pulse-width modulator 
are accounted f o r .  The du ty  r a t i o  i s  always r e s t r i c t e d  t o  l i e  i n  a  
range no greater  than [0,1], and t h e  e f f e c t  o f  t h i s  r e s t r i c t i o n  on 
t h e  s t a b i l i t y  o f  the  r e g u l a t o r  i s  so profound t h a t  no la rge-s igna l  
ana lys is  can ignore  i t . Another mode may a l so  occur, known as the 
discont inuous conduct ion mode 12,503. This mode i s  model l e d  f o r  
t r a n s i e n t  cond i t ions .  The r e s u l t  o f  t h i s  sec t i on  i s  the  fo rmula t ion  
o f  basic s t a t e  equat ions which model t h e  swi tch ing  regu la to r  and which 
are used i n  the  subsequent sec t ions  t o  determine s t a b i l i t y  regions 
and peak t r a n s i e n t  component s t ress  l e v e l s .  
11.2 Unsaturated Reqion Fbdel 
The f i r s t  s tep  i s  t o  write the s t a t e  equations of the regulator 
system during the two switched intervals  DTs and D ' T  . During each 
S 
in te rva l ,  the system may be described by a s e t  of l inear  d i f fe ren t ia l  
equations: 
during interval  DT ( t r ans i s to r  O N )  
L1 
during interval  D'T- ( t r ans i s to r  OFF) 
where D = duty r a t i o  D'  = 1 - D. 
Ts = time of one complete switching period. 
K i s  a matrix usually containing values o f  inductance and capacitance. 
x - i s  a s t a t e  vector, usually comprised of inductor currents and  
capacitor voltages. 
u i s  a vector of independent sources. 
- 
These equations may be solved exactly; however, the subsequent 
analysis i s  great ly  simplified i f  the " l inear-r ipple  approximation" 
11,2,11,47,48J is  made. Specifically, i f  the natural frequencies u 
i 
of the converter power stage a re  a l l  well below the switching 
frequency, then Eqs. ( 1  1.1) and (11.2) above have approximately l inear  
solutions. This i s  indeed the case in well-designed converters, in 
which the switching r ipple  i s  much smaller than the average value. 
In t h i s  case, only the  terms t o  order (wiTs) need be considered; 
higher-order terms are negligible.  This corresponds t o  the approxima- 
t ion of the exponential matrix by the zero-order and f i r s t -o rder  terms 
in i t s  s e r i e s  expansion. 
The r e su l t  of t h i s  approximation i s  the following solutions fo r  
x ( t )  during the two switched in te rva l s :  
- 
~ ( t )  - = ( I  + K - ' A ~ ~ )  ~ ( o )  + K-'B u t  I- 
during 0 < t < DT 
- - S 
~ ( t )  - = ( I  + K - ' A ~ ( ~  - DT ) )  X ( D T ~ )  + K-la u ( t  - D T ~ )  
S - 2- 
during DT < t < Ts 
s -  - 
(11.4) 
Combination of Eqs. (11.3) and (11.4) and elimination of the second- 
order terms which appear yie lds  the following expression fo r  &(TS): 
Furthermore, a f t e r  n  + t sw i t ch ing  i n t e r v a l s ,  
This i s  the  basic  d i f f e r e n c e  equat ion which describes the  response 
o f  t h e  system. It conta ins a  constant  term; hence, the system i s  n o t  i n  
e q u i l i b r i u m  a t  the  o r i g i n .  It i s  convenient i n  the  ana lys is  which 
fo l l ows  t o  rede f i ne  the  axes so t h a t  t h e  quiescent opera t ing  p o i n t  o f  
the  regu la to r  i s  a t  the o r i g i n .  The quiescent  opera t ing  p o i n t  occurs 
a t :  
X -  = X = D  = D o  
a+l % 4' Dn+l n (11.7) 
I n s e r t i o n  o f  Eq. (11.7) i n t o  Eq. (11.6) and s o l u t i o n  f o r  X+ y i e l d s  
X = - ( D  A + D ' A  )-' (DoB1 f DbB2)$  4 0 1 0 2 (11.8) 
The axes may now be s h i f t e d  by use o f  the  s u b s t i t u t i o n  below. 
Eq. (11.10) a r i s e s  from the  s u b s t i t u t i o n  o f  Eq. (11.9) i n t o  Eq. 
(1 1.6),  and i s  the  d i f f e r e n c e  equat ion which descr ibes the  regu la to r  
wh i l e  opera t ing  i n  the  normal, unsaturated mode. No smal l -s igna l  
assumption has been made; hence, Eq. (11.10) i s  v a l i d  f o r  l a rge  s ignals.  
The duty r a t i o  i s  u s u a l l y  a  l i n e a r  f u n c t i o n  o f  the  r e g u l a t o r  s ta tes .  
I n  t h i s  case, 
where - f = feedback ga in  vector .  
A 
As a  r e s u l t  o f  the l i n e a r  dependence o f  dn on &, the T  d^ ( A  -A  )x^ 
s n  1 2 -  
term i n  Eq. (11.10) i s  quadrat ic ,  and the  d i f f e rence  equat ion i s  
nonl inear .  This  n o n l i n e a r i t y  can s e r i o u s l y  degrade the t r a n s i e n t  
response o f  the  regu la tor ,  poss ib l y  causing i n s t a b i l i t i e s .  
The d i s c r e t e  form o f  Eq. (11.10) and (11.11) makes them i d e a l l y  
s u i t e d  f o r  eva lua t ion  by computer. It i s  a  simple mat te r  t o  implement 
these equat ions on a  smal l  desktop computer and o b t a i n  the l a rge -s igna l  
t r a n s i e n t  response o f  any swi tch ing  regu la to r  opera t ing  i n  the  
unsaturated region.  I n  view o f  the  d i f f i c u l t y  o f  ob ta in ing  a  closed- 
form a n a l y t i c a l  s o l u t i o n  t o  Eq. (11.10) under t r a n s i e n t  cond i t ions ,  t h i s  
i s  an a t t r a c t i v e  a l t e r n a t i v e .  Some o f  the  t ime domain waveforms 
i l l u s t r a t e d  i n  t h i s  t h e s i s  were obta ined i n  t h i s  manner. 
Altnough the  d i s c r e t e  equat ions above are w e l l - s u i t e d  f o r  d i g i t a l  
computer eva lua t ion ,  they are sonietimes inconvenient f o r  a n a l y t i c a l  
ca l cu la t i ons .  I t  i s  then pre fer red  t o  ob ta in  a  cont inuous-t ime model 
which conta ins  f a m i l i a r  R's, L ' s ,  C's, and non l i nea r  devices, and hence 
y i e l d s  phys ica l  i n s i g h t  i n t o  the  design problem. This has 
p rev ious l y  been accomplished f o r  t h e  smal l -s ignal  case [1,2,11], and t h e  
same technique i s  app l icab le  here. I n  p a r t i c u l a r ,  one uses a  
fo rward-d i f fe renc ing  approximation t o  est imate t h e  continuous-time 
d e r i v a t i v e  o f  t h e  s t a t e  vector ,  as below: 
This  approximation i s  v a l i d  i f  a l l  na tu ra l  f requencies o f  t h e  closed- 
loop regu la to r  are much less  than t h e  swi tch ing  frequency. With t h i s  
approximation, Eq. (11 . l o )  becomes 
+ a c t )  (kl - ~ ~ ) g ( t )  
w i t h  a c t )  = - - fTx^(t)  - 
This i s  a  cont inuous-t ime s t a t e  equat ion which describes the  
regu la to r  wh i l e  opera t ing  i n  t h e  normal, unsaturated mode. I t  can be 
used t o  i n f e r  the nature o f  t h e  response t o  l a r g e  per tu rbat ions  and the 
ex is tence o f  i n s t a b i l i t i e s .  Owing t o  the  presence o f  the  a ( ~ ~  - A 2 ) i  
term, t h i s  s t a t e  equat ion conta ins quadrat ic  non l inear  t e n s .  
Thus, the  equat ions which descr ibe the response o f  sw i tch ing  
regu la to rs  du r ing  l a r g e  t r a n s i e n t s  have been found f o r  the  case where 
the  pu lse-w id th  modulator i s  unsaturated and the  system operates i n  
i t s  usual mode. The l i n e a r - r i p p l e  approximation was made; t h i s  has 
t h e  des i rab le  e f f e c t  o f  s i m p l i f y i n g  the ana lys is  wh i l e  i gno r ing  the  
u s u a l l y  n e g l i g i b l e  e f f e c t  o f  the  h igh  frequency swi tch ing  r i p p l e .  A 
s e t  o f  d i s c r e t e  s t a t e  equat ions w i t h  quadra t ic  n o n l i n e a r i t i e s  i s  the  
r e s u l t ;  these equat ions are we l l - su i t ed  f o r  computer eva lua t i on  o f  the 
la rge-s igna l  t r a n s i e n t  response. An add i t i ona l  approximation may be 
made which y i e l d s  a  cont inuous-t ime vers ion o f  the  s t a t e  equat ions. 
This i s  o f t e n  des i rab le  f o r  a n a l y t i c a l  design. 
11.3 Saturated Region Models 
So fa r ,  i t  has been assumed t h a t  the  r e g u l a t o r  always operates 
i n  i t s  usual unsaturated mode. No account has y e t  been made o f  the  
inherent  l i m i t s  on t i l e  du ty  r a t i o :  the  d u t y  r a t i o  must always l i e  
w i t h i n  the range 10,1]; o f ten ,  the  l i m i t  i s  even inore r e s t r i c t i v e .  
Outside the  usual opera t ing  range, the  du ty  r a t i o  remains constant  a t  
i t s  saturated value, and the  regu la to r  behaves as an open-loop l i n e a r  
system. This can s i g n i f i c a n t l y  a f f e c t  the  la rge-s igna l  s t a b i l i t y  o f  the 
regu la tor ;  i n  consequence, these a d d i t i o n a l  modes o f  opera t ion  cannot 
be ignored. Some aspects o f  t h i s  e f f e c t  have been p rev ious l y  considered 
151,52,53]; the  phenomenon i s  f u r t h e r  i nves t i ga ted  here. 
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F i g .  11. I .  Two-hXatc boon t  h&~ j&at~h  exampLc. 
As an example, consider the two-state boost regulator of Fig. 11.1. 
In order t o  s t ab i l i z e  the system in the presence of the right-half 
plane zero which appears in  the  small-signal duty-ratio-to-output 
t rans fe r  function, the inductor current i s  fed back in addition t o  the 
output voltage. The expression for  the control signal (duty r a t i o )  i s  
tneref ore 
where Do = quiescent duty r a t i o  
f  = current feedback gain 1 
f 2  = voltage feedback gain 
F i g .  1 1 . 2 .  The datunated and unncLtuha-ted tleg.iuu znd t he  & M e  pLab1e. 
I. a n d  Vo m e  t h e  qLLie6cent .induototi w e n t  and capacitut 
voLtage. 
If D(t)  i s  limited t o  the range IDmin, D ] then the unsaturated region 
max 
i s  the section of the  plane where 
-fTX^ < D  timin < DO - - max 
To the l e f t  of t h i s  region, the duty r a t i o  i s  fixed and equal t o  Dmax, 
and t o  the r igh t  of t h i s  region, the duty r a t i o  i s  fixed and equal t o  
D . The s i tua t ion  i s  i l l u s t r a t ed  in Fig. 11.2. 
min 
The state equations in the saturated regions are ea s i l y  found. 
T- . When -f - - x 1s greater  t h a n  Dmax - Do, then D ( t )  i s  constant and  equal t o  
T- . ti . Likewise, D ( t )  i s  constant and equal t o  Dmin when -f x i s  l e s s  
max - - 
than Dmi, - DO. Substitution of Dn = Dsat i n to  (11.6) yie lds  
x = 11 + T ~ K - ~  ( D ~ ~ ~  A + D '  sat A 2 )]x -n + T ~ K - ~ [ D ~ ~ ~ B ~  + D '  sat B 2 l u  -
a+ l  
where Dsat = e i the r  D 
or  Dmin max (11.16) 
D'  = 1 - D  
sat sat 
This i s  a system of l inear  difference equations which describe the 
response of the system in the saturated regions. 
The continuous-time s t a t e  equations a r e  again found by use of the 
forward-differencing approximation. The r e su l t  f o r  the  D = Dsat 
saturated region i s  
dx( t ) 
- K-- IDsat sat  2 - B + D' B ]u A1 + D'  A I x ( t )  + EDsat sat  2 - (11.17) d t  
This is  a system of l inear  d i f fe ren t ia l  equations which describes 
the response in the  D = Dsat saturated region. Since the systems 
described by Eq. (11.16) and (11.17) a re  l inear  t h e i r  solutions a r e  
exponential in nature. Furthermore, they contain exactly one 
equilibrium point. This point occurs a t  
x = -  B + D'  B ]u 
-0 lDsatA1 + ~ ~ a t ~ ~ ~ - " ~ s a t  1 sat 2 - 
Tnis equilibrium point may or may not occur within the saturated 
region. 
Thus, th ree  modes o f  opera t ion  have been i d e n t i f i e d  which occur 
i n  any i d e a l  sw i tch ing  regu la to r .  This  change o f  opera t ing  mode i s  a 
r e s u l t  o f  the  sa tu ra t i on  o f  the  pulse-width modulat ion process. The 
regions i n  the  s t a t e  plane i n  which each mode occurs have been found, 
and tne  re levan t  equat ions have been derived. I n  each saturated mode, 
the system s t a t e  equat ions become l i n e a r .  
11.4 Transient  Discontinuous Conduction Region Model 
The p r a c t i c a l  sw i tch ing  regu la to r  e x h i b i t s  a f o u r t h  mode o f  
operat ion c a l l e d  the  Zmm&ient discovLtinuoi~n conduct.ion mode. It i s  
a consequence o f  t h e  nonideal r e a l i z a t i o n  o f  the  sw i t ch  by a s ing le  
t r a n s i s t o r  and diode, as i n  Fig. 11.3. The diode does no t  a l l o w  the 
i nduc to r  cu r ren t  t o  become negative; instead,  the  diode becomes 
reverse-biased prematurely. As a r e s u l t ,  t h ree  switched i n t e r v a l s  
occur, as i n  Fig. 11.4. As i n  t h e  continuous conduct ion case, the  
t r a n s i s t o r  conducts dur ing  i n t e r v a l  DTs, and the  diode conducts 
du r ing  i n t e r v a l  D2Ts. However, when t h e  i nduc to r  c u r r e n t  reaches zero, 
F i g .  1 1 . 3 .  The n o d &  fi&zation 06 -the swLtch by a s h z g l e  
. t . u ~ + s h X o 4  and diode CULL$~A %he d h c o t d z u o w  con&f;tion 
mode 20 occutr. 
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Fig. 11.4. Inductoh a.W~er& W~cLhomA dwLivlg .the dhcoo t t i u l uo~u  
conduot ion mode. An addit ioMaC bwi-tched &mv& G3T, 
o c w  atuhing urkieh bo th  . ikwbin-toir  and d iode  me o d d  
t h e  diode ceases t o  conduct; hence, both t r a n s i s t o r  and diode remain 
o f f  du r ing  i n t e r v a l  D3Ts. 
The d iscont inuous conduct ion mode has been p rev ious l y  modelled 
under s teady-state and small -s igna l  cond i t i ons  12,42,50,54]. Th is  
ana lys is  can be extended w i thout  d i f f i c u l t y  t o  i nc lude  la rge-s igna l  
phenomena. I n  essence, one fo l l ows  a l l  o f  t h e  steps o f  the  smal l -s ignal  
state-space averaging procedure, i n c l u d i n g  the  mod i f i ca t i ons  necessary 
fo r  the  discont inuous conduct ion mode, w i t h  t h e  except ion o f  the  
smal l -s igna l  approximation i t s e l f .  
As in the continuous conduction mode, the  f i r s t  s tep i s  t o  write 
the s t a t e  equations of the regulator system during the various 
switched in te rva l s .  During each in te rva l ,  the system i s  described by a 
s e t  of l inear  d i f fe ren t ia l  equations : 
during interval  DT 
S 
during interval  D2Ts 
during interval  D,TE 
( t rans i s to r  O N ,  diode OFF) 
( t rans i s to r  O F F ,  diode O N )  
( t r ans i s to r  OFF, diode OFF) 
where D = duty r a t i o  applied t o  t rans i s to r  switch, 
It i s  des i red  t o  solve t h e  above equat ions by use o f  the  
l i n e a r - r i p p l e  approximation, as was done f o r  the  continuous conduction 
mode case. Unfor tunate ly ,  a  d i f f i c u l t y  a r i s e s  i n  t h a t  the  induc tor  
cu r ren t  r i p p l e  i s  l a r g e  compared t o  i t s  average value;  as a  r e s u l t ,  
the n igner-order  terms which a r i s e  from the i nduc to r  c u r r e n t  r i p p l e  
are s i g n i f i c a n t .  This i s  d e a l t  w i t h  i n  [ 2 ]  by averaging the  i nduc to r  
cu r ren t  over each switched i n t e r v a l .  I t  i s  then a  good approximation 
t o  replace t h e  instantaneous i nduc to r  c u r r e n t  i n  the  s t a t e  equat ions 
by t h i s  average cur ren t ,  prov ided t h a t  t h e  swi tch ing  r i p p l e s  on t h e  
o tne r  s ta tes  i n  the  system are much smal le r  than t h e  average values. 
This i s  a consequence o f  the  requirement t h a t  the  n a t u r a l  f requencies 
o f  the  system be much smal le r  than the  swi tch ing  frequency: if the 
capac i to r  vo l tages change s u f f i c i e n t l y  slowly, then they r e a c t  on ly  
t o  the  average i nduc to r  cu r ren t  r a t h e r  than the instantaneous cur ren t .  
Hence, one must t r e a t  the  d iscont inuous va r iab le ,  the  induc tor  
cu r ren t ,  d i f f e r e n t l y  from the  o the r  vo l tages and cur ren ts  i n  t h e  
system. This i s  accomplished by p a r t i t i o n i n g  t h e  s t a t e  vec tor  and 
mat r ices  as fo l lows.  Le t  
wnere i ( t )  i s  the  discont inuous s t a t e  v a r i a b l e  and ~ ( t )  i s  a  vec to r  
, , - 
whicn conta ins the  remaining s t a t e  var iab les .  
Also l e t  
Hence, with the approximation described above, the solution of Eq. 
(11.19) becomes 
i (DTs)  ( 1  + DTsal) i (0 )  + DT cT ~ ( 0 )  + DT gTu s-1 - s l -  
where <i>DT = inductor current averaged over interval  DTs 
S 
The average inductor current i s  found with the assumption of l inear 
r ipple:  
Similar expressions result  for interval D2Ts: 
with ci>D = inductor current averaged over interval D2Ts: 
2 s 
The expressions for interval D T are simpler, since the inductor 3 s 
current i s  zero during this  interval. Hence, 
One final simplification can be made. During the f i r s t  interval 
in which the system enters the transient discontinuous conduction mode, 
the initial inductor current i(0) is not necessarily zero. However, 
for all subsequent switching cycles in the discontinuous mode, i(0) 
is necessarily zero. Also, since i((D + D2)Ts) is by definition zero, 
Eqs. (11.27) and (11.30) reduce to 
Thus, the average inductor current during interval DTs and D2Ts is the 
same and is equal to iav. 
Combination of Eqs. (11.26), (11.29), and (11.32), and 
elimination of the second- and third-order terms which appear yields 
with i = DT [cT 5(0) + BTU] 
av s -1 - -1- 
Furthermore, after n + 1 switching intervals, 
w i t h  i (n)  = D(n)Ts [cT ~ ( n )  + fiTu]/2 
av -1 - -1 - 
One a d d i t i o n a l  c o n s t r a i n t  i s  requ i red  which r e f l e c t s  t h e  f a c t  t h a t  
i n t e r v a l  D2Ts ends when the  instantaneous i nduc to r  c u r r e n t  f a l l s  t o  
zero. Combination o f  equat ions (11.25) and (11.28), and e l i m i n a t i o n  
o f  second-order terms y i e l d s  
E 0 (11.39) 
Furthermore, a f t e r  n + 1 swi tch ing  i n t e r v a l s ,  i (0) = 0. One then obta ins 
Equations (11.371, (11.38), and (11.40) a re  the  basic  d i f fe rence 
equat ions which describe t h e  response o f  t h e  system i n  the  t r a n s i e n t  
discont inuous conduct ion mode. Because o f  t h e i r  d i s c r e t e  form, they are 
we l l - su i t ed  f o r  computer eva lua t ion .  As noted i n  121, t h e  system 
conta ins one l ess  independent s t a t e  than the  usual i n  t h i s  mode because 
the  i nduc to r  cu r ren t  i s  constra ined t o  zero a t  t h e  end o f  each swi tch ing  
cyc le.  This system i s  i n  general non l inear .  
It i s  sometimes p re fe r red  t o  ob ta in  a cont inuous-t ime model f o r  
t h i s  mode o f  operat ion. This can be done by  a p p l i c a t i o n  o f  the  same 
technique used f o r  the continuous conduct ion mode model i n  Sect ion 11.2. 
In par t i cu la r ,  one uses the  Euler forward-differencing approximation 
t o  estimate the continuous-time derivative of the s t a t e  vector, a s  
follows: 
With t h i s  approximation, Eqs. ( 1  3 7 ,  (11.38), and (11.40) become 
These are the continuous-time equations which describe the 
regulator while operating in the  t ransient  discontinuous mode. The 
system i s  qui te  nonlinear in t h i s  region since the duty r a t i o  D ( t )  i s ,  
through the use of negative feedback, made dependent on the s t a t e s  of 
the  system - c ( t )  a s  well a s  on the inductor current i ( t ) .  
The t ransient  discontinuous conduction mode boundary can be eas i ly  
found. The discontinuous mode occurs whenever the predicted length of 
interval  U2Ts i s  shorter than (1 - D ) T  . D2 may be found by solution 
s 
o f  sca lar  equat ion (11.39); use o f  t h e  c r i t e r i o n  D2 < 1 - D then y i e l d s  
where D' 1 - D 
The system w i l l  operate i n  the  t r a n s i e n t  discont inuous conduct ion mode 
dur ing  any swi tch ing  cyc le  i n  which i n e q u a l i t y  (11.44) i s  s a t i s f i e d .  
Note t h a t  t h i s  boundary i s  a f u n c t i o n  o f  a l l  o f  the  s ta tes  o f  t h e  
system, - [ ( O ) ,  as w e l l  as o f  t h e  duty r a t i o  D. Thus, the  boundary may 
be a f a i r l y  complicated curve i n  the  s t a t e  plane. For example, i t  i s  
shown i n  Chapter 13 f o r  a boost r e g u l a t o r  example t h a t  the  boundary 
i s  parabo l ic  i n  the unsaturated reg ion  and l i n e a r  i n  the  sa tura ted  
regions. 
Thus, the  equat ions which describe t h e  response o f  sw i tch ing  
regu la to rs  du r ing  l a rge  t rans ien ts  have been found f o r  the  case where 
the system operates i n  t h e  d iscont inuous conduct ion mode. The ana lys is  
i s  s i m i l a r  t o  the  cont inuous conduct ion mode ana lys is ,  except t h a t  
spec ia l  care must be taken t o  r e f l e c t  the  f a c t  t h a t  the i nduc to r  
cu r ren t  r i p p l e  i s  l a r g e  compared t o  i t s  average value. This  i s  d e a l t  
w i t h  by the use o f  the average i nduc to r  cur ren t ,  r a t h e r  than the i n i t i a l  
i nduc to r  cu r ren t ,  i n  the s t a t e  equat ions f o r  each i n t e r v a l .  A s e t  of 
d i s c r e t e  non l inear  s t a t e  equat ions i s  t h e  r e s u l t ;  these equat ions are  
w e l l - s u i t e d  f o r  computer eva lua t ion  o f  the  la rge-s igna l  t r a n s i e n t  
response. An a d d i t i o n a l  approximation may be made which y i e l d s  a 
continuous-time vers ion  o f  the s t a t e  equat ions, as i s  sometimes 
desired for analytical design. The region in the state plane in which 
this mode occurs has been found. In the next chapter, the models of 
this chapter are applied to the study o f  the large-signal transient 
waveforms and instabilities which are likely to occur in switching 
regulators. 
CHAPTER 12 
LARGE-SIGNAL ANALYSIS 
12.1 Introduction 
The objective of t h i s  chapter i s  tne construction of the system 
response and the ident i f icat ion of sources of potential i n s t ab i l i t y .  
F i r s t ,  the equilibrium points of the system are  calculated.  I t  i s  
possible fo r  more than one equilibrium point t o  e x i s t ,  and t h i s  can 
lead t o  i n s t a b i l i t y  under large t ransient  conditions. Second, the 
t r a j ec to r i e s  of the s t a t e s  of the regulator a re  determined, e i t h e r  by 
hand or  by computer. The s a l i en t  features  a re  i den t i f i ed ,  and i t  then 
becomes apparent how t o  modify the system i n  order t o  obtain an 
acceptable response. The analysis i s  demonstrated on the boost 
regulator of Fig. 11 . l .  
12.2 Equilibrium Points in the Unsaturated Mode 
The equilibrium points of a system are  the most prominent features 
of the state-plane po r t r a i t  of a nonlinear system. Calculation of the 
equilibrium points i s  a  useful tool fo r  pinpointing the source of 
i n s t a b i l i t i e s  and for  constructing t r a j ec to r i e s .  
Two types of equilibrium points can e x i s t  f o r  a  given region of 
the  s t a t e  plane. Tne f i r s t  type, known as a  "real equilibrium point ,"  
i s  an equilibrium point which occurs inside the given region. The 
presence of real equilibrium points in addition t o  the desired quiescent 
operating point guarantees the presence of a t  l e a s t  one unstable 
solution.  Hence, such points mus t  be avoided. The second type i s  
cal led a "virtual  equilibrium point'' and occurs outside the given 
region. The system is  not actual ly  in equilibrium a t  a v i r tual  
equilibrium point; nonetheless, these points can influence the 
t ransient  response of the regulator. The presence of vi r tual  
equilibrium points guarantees nei ther  the existence nor the  absence 
of unstable t ransient  responses. 
Equilibrium points occur where 
x*  = x^* 
a+l a (d i sc re te )  
(continuous) 
Since the forward differencing approximation, Eq. (11.12), has been 
used, Eqs. (12.1) and (12.2) a re  equivalent. 
Insertion of Eq.  (12.2) in to  Eq. (11.13) yie lds  
where A = D A + DbA2 - (Al 0 1 - A ) X  f T  - (E l  - B )u f T  2 -0- 2 - -  
B = AI - A2 
d* = - fT?* 
- - 
x^* - = the  value of < - a t  the desired equilibrium point 
A i s  the  smal l -s igna l  continuous-time closed-loop system mat r i x ,  and 
B i s  a  m a t r i x  which descr ibes the  non l inear  t e n .  Equation (12.3) 
describes t h e  p o s i t i o n s  o f  t h e  e q u i l i b r i u m  po in t s  i n  the  unsaturated 
region.  I n  a d d i t i o n  t o  the  t r i v i a l  s o l u t i o n  - x"* = 0  - ( the  des i red  
quiescent opera t ing  p o i n t ) ,  a  number o f  e x t r a  s o l u t i o n s  may e x i s t .  
One may e a s i l y  f i n d  these o the r  e q u i l i b r i u m  po in t s  by t h e  fo l l ow ing  
procedure : 
F i r s t ,  n o t i c e  t h a t  i f  Eq. (12.3) i s  s a t i s f i e d  f o r  
some x"* - # 0, then necessa r i l y  - ?* l i e s  i n  the  
n o n t r i v i a l  n u l l  space o f  [A + d*B]. I n  o the r  
words, IA + d*B] must have a  zero eigenvalue, 
x"* - must be an e igenvector  corresponding t o  
t h a t  zero eigenvalue, and 
A r e l a t i v e l y  simple procedure, then, i s  t o  f i r s t  f i n d  which values o f  
d* s a t i s f y  Eq. (12.4). Once the  values o f  d* a re  known, the  s o l u t i o n  
o f  Eq. (12.3), together  w i t h  the  c o n s t r a i n t  d* = - - fT2*, - i s  
s t ra igh t fo rward .  One can then see how t o  design t h e  r e g u l a t o r  such 
t h a t  these a d d i t i o n a l  e q u i l i b r i u m  po in t s  a r e  c o r r e c t l y  pos i t i oned  
outs ide  o f  t h e  unsaturated region.  Thei r  i n f l uence  on the  t r a n s i e n t  
response o f  t h e  r e g u l a t o r  can then be made smal l .  
For the boost example o f  Fig. 11.1, the quantities i n  Eq. (12.3) 
a re 
where R1 = RL + V o f l  nl = 0; + V o f z  
I = quiescent inductor current 0 
Vo = quiescent output voltage 
Eq. (12.41, the expression for the control (d*)  at the equilibrium 
points, then becomes 
This equat ion i s  quadra t ic  and has two roo ts ;  hence, two e q u i l i b r i u m  
p o i n t s  may e x i s t  f o r  t h e  unsaturated reg ion  i n  a d d i t i o n  t o  the  
quiescent opera t ing  p o i n t  x" - = 0. - For the values s p e c i f i e d  i n  Fig. 11.1, 
the  two r o o t s  are 
The e q u i l i b r i u m  p o i n t  a t  d* = .236 i s  we l l  w i t h i n  the  unsaturated 
region.  It causes t h e  la rge-s igna l  t r a n s i e n t  response t o  d i f f e r  
s i g n i f i c a n t l y  from t h a t  p red i c ted  by smal l -s ignal  models; i n  f a c t ,  
some so lu t i ons  are  unstable. 
The r o o t  d* = 13.64 represents a  v i r t u a l  e q u i l i b r i u m  po in t .  It 
l i e s  ou ts ide  the  unsaturated reg ion  where Eq. (12.6) i s  v a l i d ;  in 
consequence, the system i s  no t  a c t u a l l y  i n  e q u i l i b r i u m  a t  t h i s  po in t .  
Nonetheless, i t i s  poss ib le  f o r  a  v i r t u a l  e q u i l i b r i u m  p o i n t  t o  
i n f l uence  the  response o f  a  non l i nea r  system. I n  t h i s  case, however, 
t h e  d is tance i t  l i e s  away from t h e  unsaturated reg ion  i s  s u f f i c i e n t l y  
l a rge  t h a t  i t s  e f f e c t  on the t r a j e c t o r i e s  i s  n e g l i g i b l e .  
The p o s i t i o n s  i n  the s t a t e  plane o f  t h e  e q u i l i b r i u m  po in t s  a re  
now found by s o l u t i o n  o f  Eq. (12.3). For t h i s  example, one obta ins 
t 
,* = - d  * 
fl + R2f2(n2 - d*) 
Fig .  12.1 . Summmy od the  unAcLtwated tiegion cqlL.ieib,ium p a i d 5  doh  
t h e  boant euaml3le ad F i g .  1 1 . 1 .  1v1 addition t o  .the wude 
q ~ ~ L u c c n t  opetLLLting p a i n t ,  a f ~ e d  eqlL.ieib,& p o i n t  exL5& 
aX d* = .236. A (i1uigni6ieiUZtI v&ud equLLLb,tim pcbtt 
aceuh.) aX d* = 13.63. 
For the values s p e c i f i e d  i n  Fig. 11.1, these expressions y i e l d  
The unsaturated reg ion  e q u i l i b r i u m  po in t s  a r e  sununarized i n  
F i g .  12.1. Two r e a l  e q u i l i b r i u m  p o i n t s  e x i s t :  i n  a d d i t i o n  t o  t h e  
des i red  quiescent opera t ing  p o i n t  a t  - = g, an unwanted r e a l  
e q u i l i b r i u m  p o i n t  occurs as shown; hence, unstable responses are 
expected t o  occur. A v i r t u a l  e q u i l i b r i u m  p o i n t  a l s o  occurs, but  has 
l i t t l e  e f f e c t  on the  response o f  the systenl. 
The nature o f  each e q u i l i b r i u m  p o i n t  and the  approximate 
t r a j e c t o r i e s  i n  t h e  v i c i n i t y  o f  these po in t s  may be found by 
pe r tu rba t i on  and l i n e a r i z a t i o n  o f  the  non l inear  s t a t e  equat ions, 
Eq. (11.6) o r  ( 1 1 1 3 .  Le t  
x ( t )  = x+ + &* + ? ( t )  
- - 
D ( t )  = Do + d* t Z ( t )  (12.10) 
I ( t )  - and z ( t )  are t h e  s t a t e  vec to r  and duty  r a t i o  pe r tu rba t i ons  w i t h  
respect  t o  the  e q u i l i b r i u m  values (& + &*) and (Do + d*), respec t i ve l y .  
Upon i n s e r t i o n  o f  Eq. (12.10) i n t o  the  cont inuous-t ime s t a t e  equation, 
and upon e l i m i n a t i o n  o f  h igher-order  non l inear  terms, one obta ins  
where A and B are def ined as i n  Eq. (12.3). Eq. (12.11) describes 
t h e  response o f  the  system i n  t h e  v i c i n i t y  o f  - x ( t )  = X + x*. 
-0 - 
Since the  non l inear  terms have been discarded, i t  i s  v a l i d  o n l y  f o r  
smal l  s igna ls .  The nature  o f  the  e q u i l i b r i u m  p o i n t  a t  x ( t )  = X + x* 
- 
-0 - 
may now be determined by c a l c u l a t i o n  o f  the  eigenvalues (po les)  o f  t h e  
system i n  Eq. (12.11 ). For t h i s  boost example, t h e  c h a r a c t e r i s t i c  
equat ion o f  Eq. (12.11) becomes 
1 de t i sK  - ( A  + d*B - ~ x * f ~ ) ]  - - = s2LC + s[(Rl + v* f  )C + (- - i * f 2 ) L ]  
1 R2 
+ i*(fl(nl - d*) - f2R1) + v*( f  / R  + f2(" - d * ) )  = 0 1 2  
For the equilibrium point at d* = .236, the roots of Eq. (12.12) are 
sl = -2600 s = 3000 rad/ sec (12.13) 2 
Since one root is in the right half-plane, and the other is in the 
left half-plane, the real equilibrium point at d* = .236 is a saddle 
point. Thus, by perturbation and linearization of the system state 
equations about each equilibrium point, one may determine the nature of 
the solutions in the vicinity of these points. 
12.3 Equilibrium Points In The Saturated Modes 
The next step is the investigation of the equilibrium points of 
the saturated regions. Since in these regions the response is linear, 
exactly one equilibrium point occurs for each region. If either of 
these points is real, then unstable responses exist. Therefore, the 
equilibrium points of both saturated regions must be virtual in a 
globally-stable regulator. 
Tne equilibrium points for tne saturated regions are given by 
Eq. (11.18). This equation is now solved in a straightforward iilanner 
to find the positions of the saturated region equilibrium points. For 
the boost example, one obtains 
sat D ' 
sat 
1 + R /DI2 R L sat 
v 
- sat I - -  
sat D '  R 
sat 
wnere 
V = equilibrium output voltage for  D = Dsat saturated 
sat 
region 
I = equilibrium inductor current fo r  D = Dsat saturated 
sat 
region. 
One possible design strategy i s  t o  l imit  the duty r a t i o  t o  a 
range suf f ic ien t ly  smaller than 0 1 ,  thereby improving the response 
by moving the saturated region equilibrium points well outside of the i r  
respective regions. Hence, i t  i s  of i n t e r e s t  t o  determine the locus 
O f  "sat and I in tne s t a t e  plane for  various values of Dsat. sat 
Combination of Eqs. (12.14) and (12.15) yie lds  
- I  RV + V 2  = O  
':at R R ~  sat g sat (12.16) 
T h u s ,  the locus i s  an e l l i p se .  Eq. (12.16) i s  plotted i n  Fig. 12.2. 
I t  can be seen tha t  the D = 0 point i s  well outside of the D = Dm& 
saturated region; consequently, the choice of D . = 0 poses no 
m m  
apparent problems. However, the D = 1 p o i n t  l i e s  inside the D = D 
max 
saturated region for the case i l l u s t r a t ed .  As a r e su l t ,  unstable 
solutions are guaranteed t o  ex i s t  fo r  the choice of D = 1.  
max 
One way t o  avoid obtaining a real  equilibrium point in  the D = Dmax 
saturated region i s  t o  choose D suf f ic ien t ly  l e s s  than one, thereby 
max 
moving the equilibrium point outside the region. A second way i s  t o  
lower the r a t i o  f2/f l  ( i . .  increase the amount of current feedback 
i n  relation to  the o u t p u t  voltage feedback). This moves the D = D 
max 
Fig. J 2 . 2 .  The toc~Ln od n W e d  treyion eylLieibhium po.im2 &l Xhe 
b.tiLte ptune .i6 a poht iUn 06 m &pne. The nLzfwiated 
ney ion b o u n d a t i u  ahe bupehimposed. The heglLecLtoti mus-t be 
debigrzed such X u  both  wed treyion e q U b & , i  po&ot~ 
m e  v&tuaL. 
saturated reg ion  boundary t o  t h e  l e f t ,  past  the e q u i l i b r i u m  po in t .  
Both s t r a t e g i e s  are e f f e c t i v e  i n  e l i m i n a t i n g  the presence o f  unstable 
t r a n s i e n t  so lu t ions .  
The nature  o f  the  sa tura ted  reg ion  e q u i l i b r i u m  p o i n t s  and 
t r a j e c t o r i e s  i s  e a s i l y  found by eva lua t ion  and s o l u t i o n  o f  the l i n e a r  
s t a t e  equat ions, Eq. (11.16) o r  (11.17). F i r s t ,  the  na ture  o f  the 
e q u i l i b r i u m  p o i n t  o f  tne  D  = Dsat reg ion  i s  determined by c a l c u l a t i o n  
o f  tne eigenvalues o f  the  system i n  Eq. (11.17). For t h i s  boost 
example, the  c h a r a c t e r i s t i c  equat ion o f  the Dmax = 1  saturated reg ion  
becomes 
Since both roots are in the left half-plane, the real equilibrium point 
in the Dmax = 1 saturated region is stable. 
Since Eq. (11.17) is linear, its solution is straightforward, 
and hence the time domain waveforms in the saturated regions are 
easily calculated. Since the equilibrium point in the D = D region 
max 
is stable, the solutions in this region are decaying exponentials or 
damped sinusoids which tend towards this stable equilibrium point. A 
similar result holds for the D = D saturated region: the (virtual ) 
min 
equilibrium point is stable, and hence the solutions are decaying 
exponentials or damped sinusoids which tend towards the virtual 
equilibrium point, but the solutions leave the D = D saturated 
min 
region before this virtual equilibrium point is reached. A further 
example of the solutions in the saturated regions is given in the 
next chapter, where the actual waveforms are calculated for a specific 
boost regulator example. 
Thus, the positions of the equilibrium points can be calculated 
without difficulty. The presence of real equilibrium points in addition 
to the desired quiescent operating point indicates that the regulator 
is not globally stable; therefore, these points must be eliminated. 
As an example, the equilibrium points of a two-state boost regulator 
were found. In addition to the quiescent operating point, one real 
equilibrium point existed in the unsaturated region and another in the 
D = 1 saturated region. Hence, this design was not globally stable. 
The response could be improved by moving these equilibrium points well 
outside of their respective regions; they would then become virtual 
equilibrium points. 
12.4 Construction Of Trajectories 
Knowledge of the existence and posit ions of the  equilibrium points 
of the regulator yie lds  a great  deal of insight in to  the large-signal 
operation of the system; however, t h i s  knowledge i s  not complete. I t  
i s  a l so  necessary t o  calculate  peak t ransient  currents and voltages, 
t o  show tha t  no l imit  cycles e x i s t ,  and t o  ver i fy  t ha t  a l l  possible 
responses a re  well-behaved and s tab le .  Therefore, i t  i s  desirable 
t o  construct the system t r a j ec to r i e s .  
A number of methods ex i s t  f o r  the  analytical  construction of 
t r a j ec to r i e s  15,441, such a s  the  vector-field method or  the  method of 
isoclines.  For second-order systems, these methods work well. However, 
since the  dimension of the  s t a t e  space i s  equal t o  the number of s t a t e s  
of the system, these analyt ical  methods become impractical f o r  regulators 
w i t h  many s t a t e s .  In some cases such as the  boost example of the 
next chapter, various approximations may be made which allow the 
analytical  calculation of the nonlinear system response. 
Unfortunately, none of these techniques are completely general; as a 
r e s u l t ,  i t  may become necessary t o  resor t  t o  computer simulation. Tne 
s t a t e  equations describing the t ransient  response of the  regulator,  
Eq. (11.10], are eas i ly  implemented on most computers. Most of the 
state-plane t r a j ec to r i e s  i l l u s t r a t ed  in t h i s  thes i s  were plotted by a 
small desktop computer programed in BASIC. 
Figure 12.3 contains the flowchart of the  program. The i n i t i a l  
* 
s t a t e  % of the  system i s  given a s  input,  and then the computer 
i t e r a t i ve ly  calculates  i, the  values of the  s t a t e  variables a t  the 
p-, 
increment n 
f ig .  1 2 . 3 .  Flowchaht 06 t h e  cornl&etr p a o g m  60a t h e  c d d a t - i o t t  0 5  
t h e  & jec ton ien  and h e  doin& t m ~ u h e n t  w v e 6 o m n .  
switching ins tants  t = nTs,  a s  follows: a t  the n - t h  switcning in te rva l ,  
trle duty r a t i o  an i s  evaluated from Eqs. (11.14) and (11.15). The 
region of operation i s  determined by use of Eqs. (11.15) and (11.44). 
I f  the system is in the unsaturated region, then Eq. (11.6) i s  used t o  
,. 
f ind L+~. If the system i s  in one of the saturated regions, then 
A 
- X ) ,  with Dsat taken Eq. (.1 1.16), is used t o  determine &+, = 
+ 
t o  be e i t h e r  Dmax o r  D . depending on the region.  Other modes o f  mln 
operat ion,  such as cu r ren t  l i m i t i n g  o r  sa tu ra t i on  o f  devices i n  the  
feedback path, could be added here i f  desired. The program tnen 
increments n and repeats t h e  procedure. State-plane t r a j e c t o r i e s  may 
be obtained, where the values o f  two o f  the  s ta tes  are  p l o t t e d  i n  a 
plane, o r  t ime domain waveforms may be found. 
The computer-drawn s t a t e  plane t r a j e c t o r i e s  f o r  the  two-s ta te  
boost regu la to r  example are  shown i n  Fig. 12.4. The peak values of 
i nduc to r  c u r r e n t  and output  vo l tage dur ing  any g iven t r a n s i e n t  a re  
apparent. The e f f e c t  o f  the  unsaturated reg ion  r e a l  e q u i l i b r i u m  
p o i n t  a t  i* = 2.OA, v* = -3.7V can a l s o  be seen: some unstable 
s 3 l u t i o n s  occur which bend away i n  t h e  v i c i n i t y  o f  t h e  e q u i l i b r i u m  
Fig .  3 2 . 4 .  CompLLta-p'iad.icted 6 M a - p h n e  - tnajec tohiu  don t h e  hiv- 
&-Me boa6.t example. Same .ttuuLdied eonwetiye t o  .the 
d u d e d  qLLie~ce& ope.uCkg po.int C = 3 wkiee o t i zen~  
convmge t o  t h e  unmnted heat e y & h  p o r n  & .the 
D = Dm , aaRLLhated kegion. The t r d  ecjWbhium pair& at 
d* = .$36 i~ a aadd.&e point. 
point and head towards a  large negative value of c.  This equilibrium 
point i s  a  saddle point. As explained i n  the previous section,  another 
real equilibrium point e x i s t s  in the 0 = 1 saturated region. This 
point i s  a  s table  equilibrium point ,  and a l l  solutions which do n o t  
converge t o  the  desired quiescent operating point converge t o  t h i s  
additional equilibrium point. 
This system may be made globally s table  by suf f ic ien t  increase of 
the r a t i o  of current feedback t o  voltage feedback. The system then has 
four vi r tual  equilibrium points in addition t o  the real quiescent 
operating point. The t r a j ec to r i e s  are plotted in  Fig. 12.5 fo r  the 
values f l  = 0.8, f 2  = 0.08. I t  can be seen tha t  a l l  solutions converge 
A 
t o  the point 7 = 0,  v = 0, and a  well behaved, globally s tab le  response 
i s  obtained. 
Fig .  12.5. The yuiencud ope.w.ZLng p o x  04  t h e  .two-bZate boonx 
t teg&a~ example becoma gtob&y ~ X a b L e  when Zhe m t i a  
06 fl $0 f 2  & ih.ivLea5ed a hu66~&ent m o l d .  
Transient waveforms may a l so  be plotted vs. time. This was done 
fo r  the boost with integrator  example i n  Figs. 9.5, 9.6,  and 9.7. In 
t h i s  way, the  actual response of systems with more than two s t a t e s  may 
be predicted, the existence o r  absence of unstable solutions verif ied 
and  peak currents and voltages determined. 
T h u s ,  the nonlinear models of Chapter 1 1  may be used t o  
investigate the large-signal response of a switching regulator. 
Equilibrium points may be calculated analyt ical ly ,  and positioned 
properly t o  obtain a well-behaved response. The actual state-plane 
t r a j ec to r i e s  or time-domain waveforms may be calculated eas i ly  by a 
sniall desktop computer; t h i s  allows the informed design of the 
regulator and ensures a globally s table  system. 
CHAPTER 13 
EXAMPLE: TRANSIENT ANALYSIS OF ' 
A SIMPLE BOOST REGULATOR 
13.1 Introduction 
The relevance of the general analysis of the previous chapters i s  
best i l l u s t r a t ed  by a spec i f ic  example. In t h i s  chapter, the complete 
large-signal behavior of the simple boost regulator of Fig. 13.1 i s  
de t en ined ,  i t s  s a l i en t  features are iden t i f i ed ,  and some ways t o  
improve the response are suggested. 
F i r s t ,  the  smal l -s igna l  c h a r a c t e r i s t i c s  o f  t h e  r e g u l a t o r  are 
designed. The feedback loop conta ins  pure vol tage feedback, w i thou t  
compensation networks o r  cu r ren t  feedback; t h i s  s i m p l i f i e s  the  
la rge-s igna l  ana lys is  and r e s u l t s  i n  a more l u c i d  example. Next, the 
usefulness o f  the  e q u i l i b r i u m  output  vo l tage curves i s  discussed, 
emphasizing the  f a c t  t h a t  these curves cannot be used t o  determine 
t r a n s i e n t  vol tages o r  currents.  The d i f f e r e n t  modes o f  opera t ion  
are  then i d e n t i f i e d ,  and a n a l y t i c a l  expressions are found f o r  t h e i r  
boundaries i n  the  s t a t e  plane. Each reg ion  i s  s tud ied  i n  d e t a i l ,  
r evea l i ng  the p o s i t i o n s  o f  the  e q u i l i b r i u m  po in t s  f o r  each reg ion  and 
t h e i r  e f f e c t  on t h e  la rge-s igna l  s t a b i l i t y  o f  the system. Su i tab le  
approximations are then made which y i e l d  simple expressions f o r  the 
time-domain t r a n s i e n t  waveforms. The complete t r a n s i e n t  behavior o f  
the  system, as w e l l  as some poss ib le  s t r a t e g i e s  f o r  the  improvement o f  
i t s  response, then becomes apparent. 
13.2 Small-Signal Design 
The quiescent  opera t ing  p o i n t  o f  the  regu la to r  must be s t a b i l i z e d  
f o r  small per tu rba t ions  before the la rge-s igna l  behavior i s  considered. 
This i s  accomplished here us ing  the  techniques descr ibed i n  [I ,2]. 
The smal l -s ignal  loop gain may be found by use o f  the state-space 
averaging technique; i t  conta ins two poles and a r i g h t - h a l f - p l a n e  zero: 
where 
Eq. (13.1) is plotted i n  Fig. 13.2. I t  i s  apparent tha t  the open-loop 
system is overdamped; owing to  the large value of capacitance used, 
the output capacitor dominates the open loop response. 
A moderate amount of dc loop gain i s  used, such tha t  the loop 
gain reaches unity a t  100 Hz with a phase margin of 90'. 
Hence, the  c losed- loop response i s  a l s o  overdari~ped and i s  dominated 
by a low-frequency pole a t  100 Hz. A h igh  frequency pole occurs a t  
1 kHz. Thus, the poles o f  t h e  closed-loop system are  w e l l  separated, 
and the  two modes do no t  i n t e r a c t .  The smal l -s ignal  design i s  very 
conservat ive. 
13.3 Equ i l i b r i um Output Voltage Curves 
The fami l i a r  expression f o r  the  open-loop e q u i l i b r i u m  output  
vo l tage as a func t i on  o f  app l ied  constant du ty  r a t i o  may be found by 
use o f  Eq. (11.8). For the  boost example, one obta ins Eq. (13.2); 
t h i s  r e l a t i o n  i s  p l o t t e d  i n  Fig. 13.3. 
This expression i s  der ived w i t h  the  assumption t h a t  the system i s  i n  
steady-state; consequently, one cannot deduce nonequ i l ib r ium p rope r t i es  
such as t r a n s i e n t  vo l tages o r  incremental gains. Eq. (13.2) can on l y  
be used t o  determine the ou tput  vo l tage i n  equ i l i b r i um.  
The boost regu la to r  o f  F ig.  13.1 i s  i n  e q u i l i b r i u m  a t  more than 
one value o f  ou tpu t  vo l tage V ' these po in t s  may be found g r a p h i c a l l y  0'  
by use o f  Fig. 13.3, as fo l lows:  I f  the  system i s  i n  e q u i l i b r i u m  a t  a 
g iven duty r a t i o  0 (read along the ho r i zon ta l  a x i s  o f  F ig.  13.3), then 
the  ou tput  vo l tage V i s  g iven by the e q u i l i b r i u m  g a i n  curve (read along 
the  le f t -hand v e r t i c a l  a x i s  o f  Fig. 13.3). The feedback c i r c u i t  senses 
t h i s  vo l tage and determines a new duty  r a t i o  Of according t o  the 
F i g .  1 3 . 3 .  E q U b h i w n  o(L.tpLLt voa*age V M a fiuzction 06 uppiked dLcty 
h d t i o  D. The sqsXem .A d u i g t t e d  .to o p M e  at i j u iucent  
d d g  &o Do and o(L.tjxt voe tage  Vo.  
Fig .  13.4. The s y n t m  b & eeqWbtLium at d u t y  fLatio Do IDf axin 
s c a l e  & i6xagguuziedJ. 
l inear  voltage feedback law Df = Do - f2(V - Vo), as read along the 
right-hand ver t ical  axis of Fig. 13.3. The system is  in equilibrium 
i f  and only i f  D = D f .  
For example, the system i s  i n  equilibrium a t  duty r a t i o  Do; t h i s  
i s  the usual quiescent operating point. Referring t o  Fig. 13.4, a t  
t h i s  point the converter produces output voltage V i n  equilibrium. 0 
As a r e su l t ,  the feedback c i r c u i t  returns duty r a t i o  Do (read along 
right-side ver t ical  a x i s ) ,  and applies t h i s  value t o  the converter 
(along horizontal axis) .  Since t h i s  i s  the original  duty r a t i o ,  t h i s  
point is  indeed an equilibrium point. 
We must  avoid the temptation t o  say, "the slope of the 
equilibrium voltage curve reverses sign for  high duty r a t i o s ;  
therefore, the incremental loop gain under t ransient  conditions 
reverses sign,  positive feedback i s  applied, and the system becomes 
unstable. A saddle point therefore occurs a t  the inf lect ion point; 
Fig. 13.5. The bgbtem cmnc..t be & equ%b~iWn et d u t y  ~ 7 %  Dl; hence, 
.thh i~ no2 a batidle pahLt. 
i . e . ,  a t  the duty r a t i o  which produces peak equilibrium output 
voltage." The fa l lacy l i e s  i n  the attempt t o  predict  the output 
voltage under t rans ien t  conditions by use of the  equilibrium gain 
curve. The curve can, however, be used t o  determine whether the  
inf lect ion point i s  a saddle point. Referring t o  Fig. 13.5, equilibrium 
voltage Y1 i s  predicted when duty r a t i o  Dl i s  applied t o  the converter. 
The feedback c i r c u i t  then returns duty r a t i o  D2. Since D2 f Dl, the 
system is not in equilibrium, and hence no saddle point can occur 
f o r  D = Dl.  
The correct  position of the saddle point i s  a t  D = D*, i l l u s t r a t ed  
in Fig. 13.6. If the system i s  in equilibrium a t  D = D*, then the 
output voltage i s  V*. The feedback c i r c u i t  therefore returns duty 
r a t i o  D*. Since t h i s  i s  the original  duty r a t i o ,  the system i s  i n  
equi 1  i  brium. 
F i g .  1 3 . 6 .  The. bgs.tem can be i n  eeqZba..h a-t d ~ ~ t y  tul.tic* u*. T b  
i.4 .the comect pod&n 0 6  .the baddee pc-iizt. 
F i g .  13.7. A 2kind equi&b&m p o i n t  a c w  a* D = 1; 2& in aa 
unduhized b.tabLe e q U b h i w n  point .  
A th i rd  equilibrium point occurs a t  D = 1,  as shown in Fig. 13.7. 
The duty r a t i o  cannot be larger than unity; as the o u t p u t  voltage i s  
decreased, the duty r a t i o  increases unt i l  i t  saturates  a t  D = 1. Past 
t h i s  p o i n t ,  the duty r a t i o  remains constant. If the system i s  in 
equilibrium a t  D - 1, then the output voltage i s  0. The feedback 
c i r cu i t  returns duty r a t i o  1 ,  and hence the system i s  in equilibriuc;. 
This equilibrium p o i n t  i s  s table .  
This graphical procedure can be refined so t ha t  a l l  equilibrium 
points a re  found a t  once. The requirement that  D = Df yields  an 
expression which, along with the equi 1 ibrium output voltage Eq. (13.2),  
const i tu te  two equations which must be s a t i s f i ed  simultaneously. 
Hence, one can plot  both equations on the same graph; they in te rsec t  
a t  each equilibrium point. 
The feedback r e l a t i o n  f o r  t h i s  system i s  l i n e a r  w i t h  sa tura t ion ,  
as i n  Eq. (13.3): 
D 
m i n  * ' 2 Vmx 
D =  { Do - f2(v - VO) , V max - > V - > vmin (13.3) f 
D 
max ' 5 'min 
where 
V max = Vo + (Do - Dminj/f2 
V m i n  = Vo + (Do - Dmax)/f2 
With the  requirement t h a t  D = Df i n  equ i l i b r i um,  Eq. (13.3) becomes 
, v > v  
- max 
D o - f * ( V - V o )  , V >V>Vmin max - - 
D 
max , V < Vmin 
- 
The e q u i l i b r i u m  p o i n t s  o f  the system occur where Eqs. (13.2) and (13.4) 
are s a t i s f i e d  simultaneously. These two equat ions are p l o t t e d  i n  
Fig. 13.8a f o r  the  case D* < Dmax < 1; the th ree  e q u i l i b r i u m  po in t s  
a re  r e a d i l y  apparent. It can be seen t h a t  the  two undesired 
e q u i l i b r i u m  po in t s  cou ld  be e l im ina ted  by choosing Dmax < D*, as i n  
Fig. 13.8b. A1 though the e l i m i n a t i o n  o f  these undesired equi 1 i b r i um 
po in t s  does no t  guarantee g loba l  s t a b i l i t y ,  i t  i s  nonetheless a 
necessary condi t ion.  I n  many cases, the  choice o f  Dmax s u f f i c i e n t l y  
l ess  than D* y i e l d s  an acceptable response. 
F 4 .  13.g. Gtrapkical conh.ttruotia~z .to d&d t h e  pas.itionn 06 t h e  
e q ~ b ~ ~  po.iL7Rn. The eq&bhium ou tpu t  vo&age cwrve, 
Eq. (13.21, and .the deedback &eeat ian,  Ey. (13.41, m e  
p t o s e d  b.imLLetaneounty; .they & m e o t  at each eyu&ibhium 
pa&. (a )  .the c u e  when D* < &, < 1 co&n . t h e e  
n e d  e q ~ b h i u m  p o & x ;  (61 .the case when &,: < D* 
ca&&nb otleg one tied. equ.dkbhiwn po&t. 
I n  summary, the e q u i l i b r i u m  output  vo l tage curve i s  der ived w i t h  
the assumption t h a t  the  system has reached steady-state. Transient  
in fo rmat ion  has been discarded; i n  consequence, one cannot deduce 
nonequ i l ib r ium p rope r t i es  from t h i s  curve. However, the  p o s i t i o n s  of 
a l l  e q u i l i b r i u m  po in t s  can be found; f o r  t h i s  example, i n  a d d i t i o n  t o  
the usual quiescent opera t ing  p o i n t  o f  D = Do, a saddle p o i n t  occurs 
a t  D = D* and a s t a b l e  e q u i l i b r i u m  p o i n t  occurs a t  D = 1. 
13.4 Modes o f  Operation 
I n  t h i s  sect ion,  the  var ious  modes o f  operat ion are i d e n t i f i e d .  
A n a l y t i c a l  and numerical expressions are found f o r  t h e i r  boundaries 
i n  the s t a t e  plane. There are  a t o t a l  o f  f o u r  modes o f  opera t ion  i n  
t h i s  example. I n  a d d i t i o n  t o  the  normal unsaturated opera t ing  range, 
the  feedback c o n t r o l  may sa tura te  a t  the  maximum du ty  r a t i o  (Dmax = 1 ) )  
o r  a t  the minimum duty  r a t i o  (Dmin = 0).  For i nduc to r  cur ren ts  near 
zero, the  system may e n t e r  the  d iscont inuous mode, where the diode 
becomes reverse-biased prematurely. The boundaries o f  each reg ion  are 
p l o t t e d  i n  t h e  s t a t e  plane, p rov id ing  q u a n t i t a t i v e  knowledge o f  each 
mode. 
As described i n  Sect ion 11.3, the  du ty  r a t i o  must always l i e  i n  
the  i n t e r v a l  [ I ] ;  sometimes the  l i m i t  i s  even more r e s t r i c t i v e :  
ID . ,Dmax]. Outside the  usual opera t ing  range, the du ty  r a t i o  remains 
mln 
constant a t  i t s  sa tura ted  value, and the  r e g u l a t o r  behaves as an open 
loop system. 
For the boost example considered here, l i n e a r  vo l tage feedback 
i s  employed. I ns ide  t h e  usual unsaturated opera t ing  range o f  the 
converter,  the  du ty  r a t i o ,  determined by the  feedback loop, i s  a l i n e a r  
f u n c t i o n  of the  ou tpu t  vo l tage as g iven below: 
D ( t )  = Do - f 2 ( v ( t )  - VO) (13.5) 
I f  the  ou tput  vo l tage i s  decreased, the du ty  r a t i o  increases u n t i l ,  
a t  some vol tage V , the duty  r a t i o  reaches i t s  maximum l i m i t  D . 
m i n  m a x  
Past t h i s  l i m i t ,  the  du ty  r a t i o  remains saturated. V may be 
m i n  
ca lcu la ted  by use o f  E q .  (13.5), w i t h  t h e  r e s u l t  g iven below: 
V = Vo + (Do - D ) I f 2  
m i n  m a x  
A s i m i l a r  phenomenon occurs as the ou tput  vo l tage i s  increased beyond 
the  vol tage V which causes the  du ty  r a t i o  t o  sa tura te  a t  i t s  
max 
minimum value Dmin: 
v = V, + (Do - D ) I f 2  
m a x  m i n  (13.7) 
Hence, th ree  opera t ing  modes have been i d e n t i f i e d  so f a r ,  as 
summarized i n  Fig. 13.9. For V > v ( t )  > Vmin, the system operates 
r n a x  
i n  i t s  usual unsaturated mode, w i t h  t h e  du ty  r a t i o  vary ing  l i n e a r l y  
w i t h  the output  vol tage. For v ( t )  > Vmax, the pulse-width modulator 
saturates,  and hence the du ty  r a t i o  remains constant  a t  D = Dmin. 
F i n a l l y ,  the  pulse-width modulator a l so  sa tura tes  when v ( t )  < Vmin; 
i n  t h i s  case, the  du ty  r a t i o  remains f i x e d  a t  D = Dm*. For the c i r c u i t  
values s p e c i f i e d  i n  F ig.  13.1, t h e  q u a n t i t i e s  o f  E q .  (13.6) and (13.7) 
Fig. 1 3 . 9 .  The boundanied & .the Arne  plane oh t h e  . thee moden 0 6  
openation c ~ k h  kave been i d e 6 6 i e d  60  dm: .the D = 1 
batwtdted negion, .the utbatwca*ed tregion, and t he  D = 0 
bolim-.ted negion. 
Vo = 18.0 V o l t s  
I. = 0.87 Amps 
V = 1 6 . 6 V o l t s  
min 
V = 18.6 V o l t s  
max 
D = 1  
max 
A fourth mode which occurs in t h i s  example i s  the t ransient  
discontinuous conduction mode. As described in Section 11.4, i t  
a r i ses  because o f  the nonideal realization of the switch by a single 
t rans i s tor  and diode; ra ther  than allow the inductor current t o  
become negative, the diode becomes reverse-biased prematurely. This 
a l t e r s  the system s t a t e  equations; consequently, t h i s  mode must be 
considered separately. 
The region of the s t a t e  plane in  which the t ransient  
discontinuous mode occurs i s  found by use of Fig. 13.10. During 
interval DTs, when the t rans i s tor  conducts, the inductor current r i ses  
approximately l inear ly ,  w i t h  slope V /L. The current a t  the end of 
8 
t h i s  interval i s  therefore 
v 
i (DT ) = i (0 )  + f DT 
S S 
During interval D'T , when the t rans i s tor  does not conduct, the current 
s 
decays approximately l inear ly ,  w i t h  slope ( V  - v) /L .  
g 
F i g .  13.10. Znduotoh w e n t  ~vedotonn 605 dd&atioi~ 06 .the 
thmbient ~ C O ~ ~ U O L L S  canduOtia~ mode boundahy. The 
discotL2;inuaw conductiuiz made o c c m  id i ' (T,) 4 a. 
The system enters  the discontinuous mode i f  the inductor current f a l l s  
t o  zero before the end of the  cycle, in other words, i f  i '  (Ts )  < 0. 
i ' ( T  ) i s  e a s i l y  calculated from Fig. 13.10: 
S 
V - V  T 
i l ( T  ) = i(0T ) + D'T = i ( 0 )  + ( V  - D'v) 
S S S g (13.10) 
Therefore, the t ransient  discontinuous conduction mode occurs 
whenever 
Tnis i s  the basic re la t ion which describes the discontinuous mode 
boundary fo r  the boost converter. I t  depends on both the duty r a t i o  
and  the output voltage. 
For v - > Vmax, when the duty r a t i o  i s  saturated a t  D = Dmin, the 
discontinuous mode boundary becomes 
whicn is  a l inear  function of the  output voltage v.  For the values 
specified in Fig. 13.1, one obtains 
i ( 0 )  - < 0.17 Amps a t  v = V 
max 
< v < Vmax, when the  system operates i n  the unsaturated For Vmin - - 
mode, the du ty  r a t i o  i s  a l i n e a r  f unc t i on  o f  v  as g iven by Eq. (13.5). 
Combination o f  Eqs. (13.5) and (13.11) y i e l d s  
which i s  a quadra t ic  f u n c t i o n  o f  the output  vo l tage v. This r e l a t i o n  
coinc ides w i t h  the value g iven i n  Eq. (13.13) a t  v = V-, and crosses 
the  i ( 0 )  = 0 a x i s  a t  
V b =  18.2 Vo l t s  (13.15) 
The boundary p red i c ted  by Eq. (13.14) i s  negat ive f o r  vo l tages l ess  
than t h i s  value. O f  course, i (0) cannot be negat ive; therefore,  the 
t r a n s i e n t  discont inuous mode does no t  occur when the  output  vo l tage 
i s  less  than the  value s p e c i f i e d  by Eq. (13.15). 
For v  - < Vmin, when t h e  system operates i n  the  D = D- saturated 
mode, the  discont inuous mode boundary becomes 
For the  values s p e c i f i e d  i n  Fig. 13.1, one obta ins 
Again, s ince i ( 0 )  cannot be negat ive, the  t r a n s i e n t  discont inuous 
mode does no t  occur wh i l e  the  du ty  r a t i o  i s  sa tura ted  a t  i t s  maximum 
l i m i t .  
The reg ion  i n  t h e  s t a t e  plane where t h e  t r a n s i e n t  discont inuous 
conduct ion mode occurs i s  sumar i zed  i n  Fig. 13.11. 
Thus, the  simple boost r e g u l a t o r  e x h i b i t s  f o u r  modes o f  operat ion.  
In a d d i t i o n  t o  the  usual unsaturated mode, the  system may operate w i t h  
the  du ty  r a t i o  c o n t r o l  sa tura ted  a t  i t s  maximum o r  minimum l i m i t s .  For 
smal l  i nduc to r  currents,  the  r e g u l a t o r  may e n t e r  the  t r a n s i e n t  
discont inuous conduct ion mode. A f i f t h  mode, c u r r e n t  l i m i t i n g ,  i s  
u s u a l l y  added; the  implementation o f  t h i s  mode i s  discussed l a t e r  i n  
t h i s  chapter. We w i l l  nex t  c a l c u l a t e  the  d e t a i l e d  response o f  the  
system i n  each region.  
13.5 Unsaturated Region Waveforms 
The s t a t e  equat ions i n  the unsaturated reg ion  are  nonl inear ;  an 
exact  closed-form s o l u t i o n  i s  n o t  known. I n  t h i s  sect ion,  a number o f  
approximations are made which y i e l d  an accurate a n a l y t i c a l  expression 
f o r  the t r a n s i e n t  response i n  t h i s  region.  This expression c o r r e c t l y  
p r e d i c t s  the  presence o f  unstable s o l u t i o n s  and t h e  p o s i t i o n s  o f  the 
e q u i l i b r i u m  po in ts .  
As noted i n  Sect ion 13.2, a l a rge  value o f  capacitance was 
chosen f o r  t h i s  example; as a r e s u l t ,  t h e  system i s  overdamped and the  
closed-loop smal l -s ignal  poles a r e  wel l-separated. Under these 
condi t ions,  t h e  system contains two n a t u r a l  modes: 
(1) A f a s t  mode, i n  which the i nduc to r  c u r r e n t  changes r a p i d l y  
wh i l e  the capac i to r  vo l tage remains n e a r l y  constant,  and 
(2)  a slow mode, i n  which t h e  capac i to r  vo l tage changes s low ly  
and i s  fo l lowed by the  i nduc to r  cur ren t .  
This  suggests so l v ing  the  two modes separa te ly  and assuming t h a t  any 
i n t e r a c t i o n  i s  n e g l i g i b l e .  
The unsaturated region continuous-time s t a t e  equations a r e  found 
by evaluation of Eq.  (11.13). For t h i s  example, one obtains 
A ,. 
where d ( t )  = - f 2  v ( t )  
R = R  = 3 R  
1 e 
R2 = R j  / ( - l / l o f 2 )  = - 2.5 R  
V 1 
v ,_p = 18.0 Volts 
O D: I + R ~ / D ~ R  
A 
valid for  Dmin Do + d ( t )  5 Dmax 
Fast Mode 
With the assumption tha t  the f a s t  mode occurs in a t ine  interval 
suff ic ient ly  short ,  the capacitor voltage i s  essen t ia l ly  constant. 
E q .  (13.18a) then becomes 
A 
with d(0)  = - f 2  v(0) 
A 
i ( 0 )  i s  given 
This i s  a l inear d i f fe ren t ia l  equation. I t s  solution i s  
where w = R / L  , T~ = L/R1  L 1 
Note that  the f a s t  mode i s  s table  when wL > 0. After the f a s t  mode 
has decayed, 
,. A 
v A  A i  ( t )  -+ - ( d - n l )  - - - ( f 2  v + 9) 
R1 R1 
valid for  t > > T~ 
As shown in Fig. 13.12, the inductor current decays 
exponentially during the f a s t  mode, and eventually reaches the quasi- 
equilibrium value given i n  Eq. (13.21). By assumption, the capacitor 
voltage remains essent ia l ly  constant. Hence, the state-plane 
t ra jec tor ies ,  plotted i n  Fig. 13.13, are nearly ver t ical  l ines .  They 
end a t  the parabola described by Eq.  (13.21). 
Fq. 13.12. u~a tuna - t ed  E Q ~ ~ O M  6ant mode wve,jotini.&. The i n d u h t i  
cuhrrent decays expone-y crild heaeheb ymi-egu-iXLb,uim, 
wkiee t h e  capacitfftr vo&taye tremaik~b esbent iaeey con&&!@. 
f i g .  1 3 . 1 3 .  The wzha t i im ted  a e g b n  hm2 mode &iMe-p&zc i x a j s & u f L e ~  
me n e a h e y  v e h t i c d  Lina ic.1~ich end at .the p ~ b o L a  
debchibed by Eq. [ 1 3 . 2 1 ) .  
Slow Mode 
For times much greater than T ~ ,  the f a s t  mode has decayed and 
hence the inductor current i s  a t  the quasi-equilibrium value given by 
Eq. (13.21). Substitution of Eq.  (13.21) into Eq.  -(13.18b) yields 
A - 
w i t h  d ( t )  = - f 2  v ( t )  
E q .  (13.22) i s  the basic dif ferent ia l  equation which describes the 
slow mode. Since a ( t )  i s  l inear ly  proportional t o  v"(t), Eq. (13.22) 
contains cubic and  parabolic nonlinear terms as well a s  a l inear  term. 
This equation could be integrated imedia te ly ;  however, i t  i s  preferred 
t o  f i r s t  employ an additional approximation which yields  more lucid 
resu l t s .  
Note t h a t  the quantity in brackets in Eq. (13.22) i s  identical  
A 
t o  Eq. (12.6), w i t h  d* replaced by d ( t ) ;  t h i s  i s  the expression for  the 
additional unsaturated region equilibrium points. Evaluation of this  
expression yields 
R 
d * 2 - ( " + n ) d * + " r y e = 0  2 (13.23) 
The equilibrium point d* = .56 i s  s ignif icant ;  i t  i s  a saddle point. 
However, the equilibrium point a t  d* = 9.8 l i e s  well outside the 
unsaturated operating range of the system, and hence has l i t t l e  e f fec t  
on the t ransient  waveforms. Unfortunately, i t s  presence complicates 
the analytical  expressions severely. 
Notice t h a t  the two roots of Eq.  (13.23) are well-separated. This 
suggests that  one may factor  Eq. (13.23) analyt ical ly ,  as follows: 
valid provided ( n i  + n i l 2  i > I n l %  + R / R  
1 21 
Eq. (13.24) predicts tha t  the unsaturated region equilibrium points 
occur a t  
Hence, Eq. (13.24) appears to  be an accurate approximation of 
Eq. (13.23). 
Furthermore, i f  
everywhere inside the unsaturated operating range of the regulator, 
then the vir tual  equilibrium point a t  d* ' (nl + n 2 )  may be neglected 
ent i re ly .  This i s  indeed the case here, where (nl + n,) = 10.4, and 
j a ( t ) /  5 .69. This i s  a useful approximation for  many systems. 
With these approximations, Eq. (13.22) becomes 
where 1  
uCr = 2 n ( 1 0 0  H z )  
1 w2 I 1  K) 
1 2  
n  n + R l / R  
v *  I - 1 2  = - 1 . 1 2  V o l t s  
f 2 ( n 1  + n 2 )  
E q .  (13.27) i s  the  basic  s t a t e  equat ion which describes the  slow mode, 
w i t h  t h e  e f f e c t  o f  the  v i r t u a l  e q u i l i b r i u m  p o i n t  a t  d* = 10.4 neglected. 
It i s  now e a s i l y  solved by i n t e g r a t i o n :  
Evaluat ion o f  the i n t e g r a l s  and s o l u t i o n  f o r  v ( t )  y i e l d s  
Eq. (13.29) i s  t h e  basic  r e s u l t  o f  t h i s  sect ion;  i t  i s  the approximate 
A 
l a rge-s igna l  response o f  the slow mode. Note t h a t ,  f o r  lc(0)l < < l v * / ,  
the denominator becomes nea r l y  u n i t y  and the  response approaches the 
smal l -s igna l  r e s u l t :  
v a l i d  f o r  j v ^ ( ~ ) l  < < /;*I 
/ prediction 
response 
- 
Fig .  33.14. UvmduhaXed h e g b a  bLow mode wnve6omunh doh. t h e  cube 
$(o) > 0. The ho&X&n6 m e  h t a b t e ,  and decaq mom 
mp.idey ti2.0~2 t h e  bm&-bign& h e ~ i L e t .  
I t  i s  of i n t e r e s t  t o  sketch the  response fo r  larger  values of 
G(0). The f i r s t  case considered is when j (0 )  > 0. In t h i s  case, the 
denominator of Eq .  (13.29) i s  greater than 1: 
fo r  ; ( O )  > 0 
A 
since v* i s  negative. As a resu l t ,  the response given by E q .  (13.29) 
decays more rapidly than the small-signal response of Eq. (13.301, as 
shown i n  Fig. 13.14. I t  i s  c lear  tha t  the system i s  s tab le  fo r  a l l  
G(0) > 0. 
Fig. 1 3 . 1 5 .  X o w  mode m v e ~ o m r n  doh .the cane 0 > ? (O)  > v*. The 
b o U o n n  atie n t a b t e  bu;t decay n t o w e ~ ~  .thaiz t h e  n m a U - n i g ~ d  
ha&. 
A 
The next case i s  v(0) = 0, where the system i s  s tar ted a t  the 
quiescent operating point. The solution i s  t r i v i a l ,  given by 
v j t )  = o for  a l l  t. 
fi A 
For 0 > v(0) > v*, the denominator of Eq. (13.29) i s  l ess  than 
one but greater than zero: 
A 
for  o > ;(o) > v* 
A 
again since v* i s  negative. The response given by Eq. (13.24) decays 
slower than the small-signal response of Eq. (13.30), as shown i n  
Fig. 13.15. Nonetheless, the solution i s  s table  and eventually reaches 
the quiescent p o i n t  = 0. 
i. * 
E (0) 
nonlinear response iunstable) 
F@. 13.16. Slow made mvedotunn doh- .the cahe v* > V"(0). Tile h o m t l n  
me uu tabee .  
The fourth case i s  j ( 0 )  = j*. The solution then becomes 
v ( t )  = G* for  a l l  t 
for  ;(o) = j *  
In t h i s  case, the system i s  s ta r ted  exactly a t  the (unstable) saddle 
point a t  = j*. 
The f ina l  case i s  where 0 (0 )  i s  more negative than j * .  The 
denominator of Eq. (13.29) is  then negative a t  t = 0, passes through 
zero a f t e r  some f i n i t e  time, and goes t o  +1 as  t + Hence, the 
system diverges in f i n i t e  time, as shown in Fig. 13.16. Of course, 
,. 
for  v j t )  + V, < Vmi, the system leaves the unsaturated region where 
Eq. (13.29) i s  valid;  the model f o r  the D = 0 saturated region 
max 
(given l a t e r  i n  t h i s  chapter) must then be used. Nonetheless, the 
A 
behavior for  v(0)  - < j* i s  undesirable and must be corrected before 
a sound design can be obtained. Some methods f o r  achiev ing t h i s  are 
discussed l a t e r  i n  t h i s  chapter. 
The complete i nduc to r  cu r ren t  waveform may now be ca lcu la ted ;  i t  
i s  the combination o f  Eqs. (13.20) and (13.29). The complete 
capac i to r  vo l tage waveform i s  g iven by Eq. (13.29) alone. Thus, t h e  
complete unsaturated mode response i s  as summarized below: 
The s t a t e  plane t r a j e c t o r i e s  i n  t h e  unsaturated reg ion  can now be 
p lo t ted ,  as i n  Fig. 13.17. As noted before, the fas t  mode t r a j e c t o r i e s  
are approximately v e r t i c a l  l i n e s ,  and end a t  the  parabola described 
by Eq. (13.21). The slow mode t r a j e c t o r i e s  move along t h i s  parabola, 
.. 
and end a t  the  quiescent opera t ing  p o i n t  f o r  " (0)  > v*. They d iverge 
,. ,. 
and end a t  t h e  D = D reg ion  boundary f o r  v ( 0 )  < v * .  
m a x  
Thus, simple, approximate a n a l y t i c a l  expressions are found f o r  
the response o f  t h i s  boost regu la to r  example i n  the unsaturated mode 
Two key approximations are  made. F i r s t ,  the  occurrence o f  two 
appravimate na tu ra l  modes o f  the  system i s  assumed, and the 
i n t e r a c t i o n  which a c t u a l l y  takes p lace between them i s  neglected. 
This i s  j u s t i f i e d  because t h e i r  t ime constants a re  w ide ly  separated. 
F i g .  1 3 . 1 7 .  CompleLe u n a t a m t e d  Legion &Rate-plane p o h t u i t .  A hadilrle 
po& O C C W ~ ~ O I . ~ ~  .the pmabola wloiuclz d a c G b a  .the ~ ~ O L C  
mode CLt Y^  = v;. So.CLLtiOba aatLe  table doh v (0 )  > G*,  auxd 
un&tab~?e ~ O L  v(0) < v"*. 
Second, the influence of the vir tual  equilibrium point which occurs 
a t  d* = 9.8 i s  neglected; th is  s impl i f ies  the analytical  expressions 
with l i t t l e  loss of accuracy. The predicted waveforms exhib i t  the 
correct  qual i ta t ive  behavior, including the  presence of a saddle point 
and unstable solutions. I t  i s  shown in Chapter 14 tha t  the r e su l t s  a re  
quant i ta t ively  correct  a lso .  
13.6 D = Dmin Saturated Region Waveforms 
It i s  des i red  t o  c a l c u l a t e  t h e  t r a j e c t o r i e s  and waveforms i n  the 
o the r  reg ions  as we l l .  I n  t h i s  sect ion,  t h e  e q u i l i b r i u m  p o i n t  and 
t r a n s i e n t  waveforms f o r  t h e  D = Dmin saturated reg ion  are found. Since 
t h e  du ty  r a t i o  i s  constant,  the s t a t e  equat ions become l i n e a r  i n  t h i s  
region, and hence are e a s i l y  solved. 
Eq. (11.17) i s  the  general cont inuous-t ime s t a t e  equat ion f o r  the 
sa tura ted  regions. Evaluat ion o f  t h i s  expression f o r  the  boost 
r e g u l a t o r  example y i e l d s  
C -  dv(t)  = D' i ( t )  - v ( ~ ) / R  d t  m i n  
v a l i d  f o r  v ( t )  Vmax 
Since these s t a t e  equat ions are  l i n e a r ,  t h e i r  s o l u t i o n  i s  s t r a i g h t -  
forward. The waveforms i n  t h i s  reg ion  are decaying exponent ia ls  o r  
damped sinusoids. 
The same type o f  approximation used i n  the  unsaturated reg ion  may 
be used here if desired. Owing t o  the  l a r g e  value o f  ou tpu t  capacitance 
used, the  na tu ra l  f requencies o f  the  system i n  the  D = Dmin reg ion  are 
wel l-separated, and t h e  system i s  overdamped. Under these cond i t ions ,  
the system again contains the following natural modes: 
(1 )  a f a s t  mode, in which the  inductor current changes rapidly 
while the capacitor voltage remains nearly constant, and 
( 2 )  a slow mode, in which the capacitor voltage changes slowly 
and i s  followed by the inductor current.  
This suggests solving the two modes separately,  as before. 
With the assumption tha t  the f a s t  mode occurs i n  a  time interval  
suf f ic ien t ly  shor t ,  the capacitor voltage remains essen t ia l ly  constant. 
Eq. (13.35a) then becomes 
i ( 0 )  i s  given 
The solution of t h i s  l inear  d i f fe ren t ia l  equation i s  
a f t e r  the f a s t  mode has decayed, 
valid f o r  t > > T~ 
The induc to r  cu r ren t  decays exponen t ia l l y  du r ing  the f a s t  mode, and 
even tua l l y  reaches t h e  quas i -equ i l i b r i um value g iven i n  Eq. (13.38). 
By assumption, the  capac i to r  vo l tage remains e s s e n t i a l l y  constant.  
For t imes much greater  than T ,the f a s t  mode has decayed, and 3 
hence the i nduc to r  cu r ren t  i s  a t  t h e  quas i -equ i l i b r i um value g iven i n  
Eq. (13.38). S u b s t i t u t i o n  o f  t h i s  expression i n t o  Eq. (13.35b) y i e l d s  
The s o l u t i o n  o f  t h i s  l i n e a r  d i f f e r e n t i a l  equat ion i s  
-04t 1  -o t 
v ( t )  v (0 )  e  + -k- , ( 1 - e  4 ,  
D 
m i n  1  + Re/DminR 
1 
where w4 = 
' 2  = 271 (20 Hz) 
R l  IRl/DminC 
For l a rge  t, Eqs. (13.40) and (13.37) p r e d i c t  t h a t  the system reaches 
the  D = D satura ted  reg ion  e q u i l i b r i u m  p o i n t  (IninO, VminO), where 
min 
v 1  
= +  
' m i n o  ' 2  = T3.6 Vo l ts  
m i n  1  + R L / D .  R m i n  
- 
v 
I .  - 
m l n  0 ' 2  = .45 Amps 
Rt + D m i n R  
FLg. 1 3 . 1 8 .  The X m j e c t o h i u  phedicted by t h e  D = Dmi, da&&zted 
tregion b m e  ey&onb. Thene bo&iom m e  n a t  v&d 
o(Lid.ide oh t h e  D = Dmin s-ed h e g h n  (shaded meal 
These re la t ions  could also be found by evaluation of Eqs. (12.10) and 
(12.11). 
The D = D . saturated region s t a t e  plane t ra jec tor ies  are  plotted 
m m  
in  Fig. 13.18. The f a s t  mode t r a j ec to r i e s  are nearly ver t ical  l i ne s ,  
since the capacitor voltage remains essen t ia l ly  constant during t h i s  
time. The slow mode t r a j ec to r i e s  l i e  along the l ine  described by 
Eq. (13.38), and end a t  the (vir tual  equilibrium point (IminO, Vmino). 
F i g .  13.19 .  The m j e o t o h i e n  & t h e  D = Dm., satLLrated fieghhz m e  
neatLey Linen wkieh et.13 at -the m~h.ient 
d i n c o & u o ~  conduction treglor~ b o u n o i ~ ~ y .  
Note t h a t  t h e  slow mode and t h e  e q u i l i b r i u m  p o i n t  l i e  ou ts ide  
the  D = Dmi, satura ted  reg ion  where Eq. (13.35) i s  v a l i d .  As a r e s u l t ,  
the  system leaves the  D = D sa tura ted  reg ion  before the slow mode 
min 
o r  v i r t u a l  e q u i l i b r i u m  p o i n t  i s  reached. As shown i n  Fig. 13.19, on l y  
the  f a s t  mode t r a j e c t o r i e s  i n s i d e  the  reg ion  are v a l i d .  
Thus, i n  the  D = Ddn satura ted  region, the  ou tput  vo l tage remains 
e s s e n t i a l l y  constant  w h i l e  the  i nduc to r  c u r r e n t  decays exponent ia l l y .  
As shown i n  Fig. 13.19, t h e  t r a j e c t o r i e s  are n e a r l y  v e r t i c a l  l i n e s  
wnich end a t  t h e  t r a n s i e n t  discont inuous conduct ion mode boundary. 
13.7 D = D m=v Saturated Region Waveforms 
The analysis f o r  t h i s  region i s  similar t o  the analysis of the 
previous section.  The system is  again described by a f a s t  mode and  a 
slow mode, and contains one equilibrium point. The major difference 
l i e s  in the f a c t  tha t  the slow mode t r a j ec to r i e s  occur inside the 
D = D saturated region, and  the equilibrium point may be real 
max 
rather than v i r t ua l .  The presence of a real  equilibrium point inside 
t h i s  region indicates  t h a t  solutions which do not converge t o  the 
desired quiescent operating point occur. 
The continuous-time s t a t e  equations f o r  t h i s  region may be found 
by evaluation of Eq. (11.17); the r e su l t  i s  
di t )  - L - i t - D  max v ( t ) + ~  g 
c dvo = D' i ( t )  - v ( t ) / ~  d t  aax 
where D = 1 - D 
max max 
valid for  v ( t )  - < Vmin 
i ( t )  - 2 0 
The s t a t e  equations a re  again l i nea r  i n  t h i s  region, and t h e i r  
solutions are decaying exponentials or  damped sinusoids. For t h i s  
example, the time constants of the two modes of the system are again 
well-separated, and the response may be approximated i f  desired by 
the same procedure used f o r  the D = Dmin saturated mode. The r e su l t  
for the f a s t  mode i s  
R 
where LL. = a =  271 (1.1 kHz) 3 L 
After the  f a s t  mode has decayed, 
v - D  V 
i ( t )  " max 
R~ 
va l id  f o r  t > > T 3 
Inser t ion  of Eq. (13.44) i n t o  Eq. (13.42b) and so lu t ion  f o r  v ( t )  then 
y i e l d s  the slow mode response: 
-w t V 1 -w t 
v ( t )  E v(0) e +-$- ( 1 - e  5 ,  (13.45) 
 ma^ 1 + R ~ / D ' ~  R 
max 
After both modes have decayed, the  system reaches t h e  D = D 
max 
sa tu ra t ed  region equil ibr ium po in t ,  g i v e n  by 
D'  R 
v = V max 
m a 0  = 0 Volts RL + D l 2  R 
max 
- 
V 
I - 
max 0 = 5 Amps R ~ + D ' ~  max R 
Fig. 13.20.  The Xmjectohien AM t h e  D = &, bdtw ia ted  neg-ian. A U  
boeLLt iou .in .t.tkih aegion c a n v w e  t o  t h e  undu&ihed n e d  
eq(LieibhiLUI1 p o i n t  at (5A,OV). 
The D = D saturated region t r a j ec to r i e s  a re  plotted in Fig. 
max 
13.20. The f a s t  mode t r a j ec to r i e s  a re  again nearly ver t ical  l ines  
since the capacitor voltage reamins nearly constant during t h i s  time. 
The slow mode t r a j ec to r i e s  l i e  along the l ine  given by Eq. (13.44), 
and end a t  the  real s t ab l e  equilibrium point (I  v 1. max0' max0 
This behavior i s  very undesirable; a l l  solutions i n  the D = D 
max 
saturated region converge t o  the unwanted real equilibrium point 
V ) ra ther  t h a n  the quiescent operating point. T h u s ,  i t  i s  ( Imaxo ' maxo 
possible fo r  the system t o  "hang up". This s i tua t ion  may be 
rec t i f i ed  by the addition of current feedback or current l imiting 
(discussed i n  Section 13.9), or by decreasing D (discussed next) .  
max 
Perhaps the simplest way t o  render t h i s  system globally s tab le  
i s  t o  l im i t  the maximum duty ra t io .  For an overdamped system such 
as t h i s  one, the system becomes globally s table  f o r  D < Do + d* 
max 
(d* i s  given by Eq. (13.23)). As an example of t h i s ,  the t r a j ec to r i e s  
a re  plotted i n  Fig. 13.21 f o r  the  case D = .825. The f a s t  mode 
max 
t r a j ec to r i e s  are again ver t ica l  l ines ,  and the slow mode t r a j ec to r i e s  
again l i e  along the l ine  described by Eq. (13.44), b u t  the  equilibrium 
point no longer l i e s  inside the saturated region. Evaluation of 
Eq. (13.46) fo r  t h i s  value of D y ie lds  
max 
Y 
maxO = 20.1 Volts 
I 
max0 = 3.8 Amps 
Hence, the D = D saturated region equilibrium point now becomes 
max 
v i r tua l .  Rather t h a n  hanging u p  inside the saturated region, the slow 
mode t r a j ec to r i e s  now en te r  the unsaturated region as shown. 
Although t h i s  i s  a s table  response, i t  may s t i l l  be unacceptable. 
The peak transient current may be as much a s  f ive  t ims the quiescent 
inductor current of .87 Amps. A very large inductor may be required 
t o  handle t h i s  current.  
Fig .  13.21.  The . t m j e C . t o ~ ~ G  5 the .  D = D natunated negion 60% .the 
cade uhen Dmax .is L i m i t e d  t o  8 3 2 5 .  Ace n o u o n n  &bide 
tk in  tiegi~ian now terzd to& t h e  u n n W e d  t ieg ion.  
13.8 Transient Discontinuous Conduction Mode Waveforms 
The f ina l  region of operation i s  the t ransient  discontinuous 
conduction mode. The s t a t e  equations a re  nonlinear inside t h i s  region; 
however, the nonlinear terms a re  very small in magnitude. As a r e su l t ,  
t he i r  e f f ec t  i s  negligible,  and the t rans ien t  waveforms are very 
nearly decaying exponentials. 
There a r e  actual ly  two subregions inside t h i s  region: (1 )  fo r  
v ( t )  > Vmax, the duty r a t i o  i s  saturated a t  D = 0,  and (2 )  fo r  
~ ( t )  < Ymax, the duty r a t i o  varies l inear ly  w i t h  v ( t ) .  The response 
in the saturated subregion i s  t r i v i a l ;  both the diode and the 
t r ans i s to r  remain off during the en t i r e  switching cycle. As a r e su l t ,  
tne inductor current i s  zero and the capacitor voltage decays through 
the load R. The waveforms can be writ ten by inspection: 
where w6 = 1/RC = 2n(1.8 Hz) 
valid fo r  i = 0 and v - > Vmax 
For v ( t )  < V , the s t a t e  equations a re  nonlinear; however, the 
max 
solution i s  numerically very close t o  Eq.  (13.48). The s t a t e  equations 
,nay be found as described in Section 11.4; evaluation of Eqs. (11.41), 
(11.42), and (11.43) yie lds  
tronsistor on  diode on diode off 
tronsistor off  
Fig. 13.22.  The h d u c t o t i  merit wavedotcm doh ,tit& Lm~nieient 
dibconi . inu0~~6 mode. 
The induc to r  cu r ren t  ceases t o  be an independent s t a t e  s ince i t  i s  
constra ined t o  be zero a t  the  beginning and end o f  each swi tch ing  cyc le .  
i i s  the  value o f  t h e  i nduc to r  cu r ren t  averaged over i n t e r v a l  
av 
(D + D2)TB, as i n  Fig. 13.22. The system i s  non l inear  because iav i s  a 
l i n e a r  f u n c t i o n  o f  du ty  r a t i o  D ( t )  and hence o f  v ( t )  a lso,  and D2( t )  
i s  a non l inear  f u n c t i o n  o f  v ( t ) .  These two t e r n s  appear m u l t i p l i e d  
together  i n  Eq. ( 1 3 . 4 9 ~ ) .  Since Eq.  (13.49 abc) represents a f i r s t -  
order system, i t  could be integrated i n  a straightforward manner t o  
yie ld  an expression fo r  v ( t ) .  However, t h i s  i s  unnecessary because 
the amplitude of the  l inear  term i n  Eq. ( 1 3 . 4 9 ~ )  i s  more than an order 
of magnitude larger than the  nonlinear term everywhere inside the 
discontinuous conduction region. This can be seen as follows: From 
Eq.  (13.49a), 
v T 
max D(t) = .062 Amps I i a v /  5 2 1  
max 
From Eq. (13.49b), 
max 5 
Hence, the magnitude of the nonlinear term i s  l e s s  than 
max max 
The magnitude of the l inear  t e n  i s  bounded below by 
Hence, the e f f ec t  of the nonlinear term i s  of second order. To a good 
degree of approximation, 
v(0) given 
everywhere inside the t ransient  discontinuous conduction region. The 
solution i s  then given by 
fo r  a l l  i , v  inside the discontinuous conduction region. This is  a 
valid approximation whenever expression (13.53) i s  much larger than 
(13.52) in the worst case. This can be expressed a s  
where Vb i s  the output voltage a t  the edge of the discontinuous 
conduction region, as given by Eq. (13.15). Note t h a t  Eq.  (13.57) i s  a 
measure of how f a r  the system i s  from equilibrium i n  the  region since,  
i f  the  "much greater  than" sign i s  replaced by an equal sign,  then the 
r igh t  hand side of Eq.  ( 1 3 . 4 9 ~ )  becomes zero a t  Vb, and hence the 
system i s  in equilibrium there. Therefore, one expects the above 
approximation t o  be valid as long as the quiescent operating point of 
the system l i e s  suf f ic ien t ly  f a r  from the discontinuous mode. 
Thus, the s t a t e  equations a re  nonlinear and f i r s t -o rder  in the 
discontinuous conduction region. Although these equations could be 
integrated d i r ec t l y  t o  obtain an expression fo r  the voltage waveform 
i n  this mode, i t  i s  much simpler t o  approximate the solution by a 
decaying exponential. This approximation i s  valid whenever Eq.  (13.57) 
i s  wel l -sa t isf ied.  
F l y .  13 .23 .  State-p&ne . t t iajeotohia 06 .the &e by.&.tem. SoeLLtcoiz5 
CO&VChgE t o  tohe q~LebceuLt o p d g  po.int go,% v(3) > V*, 
bu* c o n v e q e  t o  .the u m i 2 t e d  e y M b h i L u n  point (5A,OV) 60% 
v(0)  < V*. A daddee point occut~b doi2g .the b t o u  mode 
L o c u  60% v = V*. 
13.9 Discussion 
The complete state-plane po r t r a i t  of the system can now be 
drawn, as in Fig. 13.23. The f a s t  mode t r a j ec to r i e s  follow nearly 
vert ical  l ines  in a l l  regions. The slow mode t r a j ec to r i e s  follow the 
i = 0 axis i n  the discontinuous conduction region, the parabola 
described by Eq. (13.21) i n  the unsaturated region, and the l ine  given 
by Eq. (13.44) in the D = 1 saturated region. I t  i s  apparent t ha t  the 
solutions converge t o  the desired quiescent operating point (IO,Vo) 
Fig. 13.24. The qu-ve e56ect 06 a /reduction in oLLtpLLt capac&b~ce 
C otz fhe ~t&e-p&ane Ltajectohieh. The capacitoti va&ye 
.inaemes 6ofi i5m.g~ v & u  06 D ' i ,  and .the Zkajectotiiu 
become /rounded 6otr cuh)ien& n e w  quai-ey&bhiwn. 
f o r  v ( 0 )  > v*, but  end a t  the  unwanted e q u i l i b r i u m  p o i n t  i n  the D = 1  
sa tura ted  reg ion  a t  (5A, Ov) f o r  v(0)  < v*. Peak t r a n s i e n t  cur ren ts  
and vol tages can be found; i n  p a r t i c u l a r ,  t h e  peak i nduc to r  cu r ren t  
i s  l a r g e r  than the  quiescent value I f o r  v (0)  < Vo. 0 
The q u a l i t a t i v e  e f fec t  o f  a  reduc t ion  i n  ou tpu t  capacitance C 
o r  increase i n  inductance L can a l s o  be deduced. I n  t h i s  case, s ince 
t h e  t i n e  constants o f  the  f a s t  and slow modes are n o t  as w e l l -  
separated, the  t r a j e c t o r i e s  no longer f o l l o w  v e r t i c a l  l i n e s  dur ing  a  
f a s t  mode. Instead, one expects the  capac i to r  vo l tage t o  increase f o r  
l a rge  values o f  D ' i ,  t h e  average diode cu r ren t ,  as shown i n  the upper 
F i g .  13.25.  The auehage &ode w e n t  iA ide&ed t o  .the kiulductoti 
cw~tient by the  d d y  h a t i o :  <id> = D'i. 76 .the a v m g e  
diode w e n t  iA gide&en than t h e  h a d  w e n t  kt a giipet~ 
bw.itckiYlg c y d e ,  then the  n& oLLtpILt uo.etage ixiizctiea.5~ 
oven the  give~z cycLe. 
right-hand portion of Fig. 13.24. Also, one expects the slow mode to  
s t a r t  before the f a s t  mode has f inished; hence, the t r a j ec to r i e s  
become rounded fo r  currents near quasi-equilibrium. The time domain 
waveforms fo r  t h i s  case can be calculated exactly i n  the saturated 
regions since the s t a t e  equations become l inear  there.  The waveforms 
may a l so  be calculated analyt ical ly  i n  the discontinuous conduction 
mode s ince,  although the  s t a t e  equations a re  nonlinear, they are 
separable and o f  f i r s t  o rder  and hence can be i n teg ra ted  d i r e c t l y .  
Unfor tunate ly ,  i t  i s  n o t  known how t o  solve the  second-order non l inear  
s t a t e  equat ions which descr ibe t h e  unsaturated reg ion  when the t ime 
constants o f  t h e  modes are n o t  w ide ly  separated. One must r e s o r t  t o  
the  computer methods described i n  Sect ion 12.4 f o r  t h i s  case. 
Nonetheless, the  q u a l i t a t i v e  argument presented above a l lows one t o  
sketch the approximate s t a t e  plane t r a j e c t o r i e s .  
It i s  des i red  t o  ensure t h a t  a l l  so lu t i ons  converge t o  the  
quiescent opera t ing  p o i n t  (IO,VO), and t h a t  peak cu r ren t  l e v e l s  do n o t  
exceed some maximum value Ilim. One way t o  accomplish t h i s  i s  through 
t h e  a d d i t i o n  o f  a cu r ren t  l i m i t i n g  mode. A number o f  d i f f e r e n t  
cu r ren t  l i m i t i n g  modes a r e  possib le;  probably the most use fu l  one i s  
known as the  "current-programmed mode", where the conver ter  du ty  r a t i o  
i s  determined by the  times a t  which t h e  instantaneous swi tch  cu r ren t  
reaches the  maximum value I . This has the  e f f e c t  o f  shor tening the 1 i m  
duty  r a t i o  when the  induc tor  cu r ren t  i s  near  Ilim, and i t  o f t e n  i s  
e f f e c t i v e  i n  l i m i t i n g  the  peak i nduc to r  cu r ren t .  This mode has been 
p rev ious l y  model led under s teady-state and smal l -s igna l  cond i t ions  
147,48,55,56]. 
The bas ic  s t r a t s g y  employed i n  most cu r ren t  l i m i t i n g  modes i s  t o  
reduce the  du ty  r a t i o  such t h a t  the  swi tch  o r  induc tor  c u r r e n t  i s  
regu la ted  a t  the  maximum l e v e l  Ilim. Therefore, the  t r a j e c t o r i e s  
f o l l o w  a h o r i z o n t a l  l i n e  a t  i = Ilim, as shown i n  Fig. 13.26, when the  
system operates i n  a p rope r l y  f u n c t i o n i n g  cu r ren t  l i m i t i n g  mode. 
Note t h a t  the  unsaturated reg ion  saddle p o i n t  and the  D = 1 saturated 
reg ion  e q u i l i b r i u m  p o i n t  now become v i r t u a l .  Furthermore, i f  the 
F i g .  13.26 .  The e66eot 0 6  Xhe a d d i t i o n  04  a phopehey d e b i g n e d  W e n t  
. f % m g  mode. The L t a j e c t o h i u  6o.Ceal~. *he h o h i z o M  
f i e  i  = Ili,. The byh.ten~ becornen gtob&y bXable. 
average diode current <id> = D'i i s  greater  than the load current 
v /R ,  then the  net  capacitor charge increases over each switching cycle, 
and hence the output voltage v increases. The current l imiting mode 
t r a j ec to r i e s  then move towards the r igh t  as shown. I t  i s  apparent 
t ha t  the addition of a current l imiting mode can render the  boost 
example globally s table .  
Fig. 13.27. The ha2U/La-tion 0 5  t h e  p&e-width modiLeizton a56e& t h e  
w e a t  M n g  mode &o. I n  tk id  c m e ,  t h e  13 = 0 
haahw-ted mode O C ~  doh a& cwltientn ghecLtm t h a n  Ili,. 
The t m j e c t a h y  a2 .zW~n-on A ~ O W M .  
The sa tu ra t i on  o f  the  pulse w id th  modulator may a f f e c t  the 
cu r ren t  l i m i t i n g  mode also. For example, consider t h e  turn-on 
t r a n s i e n t  o f  the  boost example w i t h  c u r r e n t  l i m i t i n g ,  where 
i ( 0 )  = 0 Amps and v(0)  = 0 Volts.  As shown i n  F ig.  13.27, the  system 
begins i n  the D = 1 sa tura ted  region,  the  f a s t  mode occurs, and the  
i n d u c t o r  cu r ren t  increases r a p i d l y .  When t h e  i n d u c t o r  cu r ren t  
reaches Ili,, the  cu r ren t  l i m i t i n g  mode i s  invoked, and the  du ty  r a t i o  
i s  decreased i n  an a t t e n p t  t o  r e s t r i c t  the  cu r ren t  below Ilh. 
However, s ince the  ou tput  vo l tage i s  approximately zero, the  cu r ren t  
cont inues t o  r i s e  independently of t h e  du ty  r a t i o .  Tnis can be seen 
frofi? the  basic  f a s t  mode d i f f e r e n t i a l  equation, repeated below: 
wnich is  independent of D(t) .  In consequence, the duty r a t i o  i s  
decreased t o  i t s  minimum value of zero, where i t  remains as long as 
i > I . During t h i s  time, the D = D . saturated region model of 1 im m m  
Section 13.6 applies. In par t icular ,  the current continues t o  r i s e  
unt i l  i t  reaches the quasi-equilibrium value of 5 Amps, given by 
Eq. (13.38). The slow mode described by Eq. (13.40) then occurs. 
Eventually, the inductor current again reaches Ilim and the current 
limiting mode functions properly. 
Thus ,  i t  i s  apparent tha t  the addition of a current limiting 
mode does not necessarily guarantee that  peak current levels are 
always below the desired level Ilim. For the boost regulator example, 
i t  i s  impossible t o  control the duty r a t i o  such tha t  the peak current 
a t  start-up i s  only three Amps. Nonetheless, the addition of a current 
limiting mode i s  an effect ive means of obtaining global s t ab i l i t y .  
As discussed in Section 13.7, global s t a b i l i t y  may also be 
obtained by limiting the maximum duty ra t io .  However, since the slow 
mode inductor current i s  controlled by the paras i t i c  inductor dc 
resistance Re, as given by Eq. (13.44), the peak current levels may 
be much larger than desired. As a r e su l t ,  the current limiting mode i s  
usually preferred. 
Thus, a sioiple boost regulator has been analyzed and i s  found t o  
be s table  fo r  small signals but not globally s table .  In par t i cu la r ,  
a l l  t rans ien ts  fo r  v(0)  < v* converge t o  the undesired equilibrium 
point a t  zero voltage and high current.  Approximate analytical  
expressions have been found fo r  the nonlinear response of the converter, 
subject t o  key assumptions which require t h a t  the time constants of the 
system are well-separated, and t h a t  the th i rd  equilibrium point of the 
unsaturated region i s  extraneous and may be neglected. The various 
regions of operation in the s t a t e  plane have been iden t i f i ed ;  in 
addition t o  the usual unsaturated mode, D = D and  D = 0 
min max 
saturated modes may occur, as well as a t ransient  discontinuous 
conduction mode. The system may be rendered globally s tab le  by the 
addition of a current l imiting mode. Approximate analytical  expressions 
may be found f o r  the system t r a j ec to r i e s ;  t rans ien t  peak current levels  
then become apparent. In t h i s  way, the large-signal t rans ien t  behavior 
of the boost regulator example may be understood, and the system 
i3y be i n t e l l i gen t ly  designed. 
CHAPTER 14 
EXPERIMENTAL VERIFICATION 
A boost regulator was constructed and measured t o  provide 
ver i f icat ion of the analysis of Chapter 13. 
The schematic of the power stage i s  shown in  Fig. 14.1. I t  i s  
necessary t o  overdesign the system so t h a t  i t  can to le ra te  the large 
currents which occur when the quiescent operating point i s  not 
globally s table .  Thus, the inductor, t r ans i s to r ,  and diode must 
handle f i ve  Amps. This i s  a l so  why the somewhat large value of 3 Ti 
i s  chosen for  R . since the peak currents are limited by R they L' a' 
would be even larger and more d i f f i c u l t  t o  verify i f  a smaller value 
of R were used. a 
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It i s  des i red  t o  r e p e t i t i v e l y  e x c i t e  the  c i r c u i t  so t h a t  the  
t r a n s i e n t  response may be observed on an osci l loscope.  This  i s  done 
by c y c l i n g  the system through t h e  s ta tes  shown i n  Fig. 14.2, as fo l l ows :  
During T1, the  system s o f t  s t a r t s  t o  a g iven pe r tu rba t i on  duty r a t i o  
Dl. The feedback loop i s  d isabled.  During T2, the feedback loop i s  
enabled, and t h e  r e s u l t i n g  t r a n s i e n t  i s  observed on the  osci l loscope.  
The system e i t h e r  converges t o  the des i red  quiescent opera t ing  p o i n t  
corresponding t o  D = Do, o r  an unstable response occurs. During T3, 
the  feedback loop i s  disabled, the  du ty  r a t i o  i s  s e t  t o  zero, and the 
power stage i s  al lowed t o  cool  o f f .  The e n t i r e  sequence then repeats. 
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Tne b lock diagram o f  the  c o n t r o l  c i r c u i t  i s  g iven i n  Fig. 14.3. 
A c lock  c i r c u i t  generates the  t im ing  s igna ls  T T2, and T3. These 1' 
s igna ls  c o n t r o l  analog switches which connect the i n p u t  o f  the pulse 
w id th  modulator t o  a  s o f t - s t a r t  c i r c u i t  du r i ng  i n t e r v a l  TI, t o  the  
vol tage feedback dur ing  i n t e r v a l  T2, and t o  ground dur ing  i n t e r v a l  T3. 
A l i m i t i n g  c i r c u i t  a l lows D and Dmin t o  be a r t i f i c i a l l y  s e t  t o  any 
max 
l e v e l .  A z-ax is  s igna l  i s  prov ided so t h a t  the  osc i l loscope may be 
blanked dur ing  i n t e r v a l s  TI and T3; i n  t h i s  way, on ly  the  des i red  
t rans ien ts  which occur dur ing  i n t e r v a l  T are seen on the  osc i l loscope.  2 
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The t e s t  setup i s  diagrammed in Fig. 14.4. A dc current probe 
measures the inductor current and a  voltage probe measures the output 
voltage; the two s ignals  are displayed on the oscilloscope in x-y 
Boost regulator Tektronix 7854 
under test Oigitol 
remote sense i ( i )  Orcilloacope 
v~ chA IEEE 
input v( t  1 C ChB 488 bus 
mode t o  obtain the s t a t e  plane t ra jec tor ies .  The use of a  d ig i t a l  
oscilloscope allows one t o  send the  data t o  a  computer. The computer 
s tores  the  t r a j ec to r i e s  generated from several d i f fe ren t  i n i t i a l  
blonking signol z o x i s l  ext, trig 
. 
conditions and then plots them on the same graph. 
Fig. 14.5.  ExpehOnevLtae data doh -the banic boob2 aegLceatoti. Tlre 
aeh& aghee qcLite weaR iclith .the ptiedicted &ta jec to - ia  
od F i g .  13.23. 
The experimental data obtained for  the basic boost regulator 
of Chapter 13 are shown in  Fig. 14.5. The presence of unstable 
solutions fo r  v (0)  < 16.8V i s  apparent. Also, the approximation of the 
f a s t  mode by nearly ver t ical  l ines  appears correct .  The discontinuous 
conduction region can be seen along the horizontal ax i s  fo r  
V(t) > 18.25V. The quiescent operating point a t  v 18V, i = 0.9A i s  
s tab le  since a l l  solutions in i t s  v ic in i ty  converge there ,  b u t  the 
equilibrium point a t  v = 16.8V, i  = 4.25A i s  a saddle point because 
the  f a s t  mode t r a j ec to r i e s  in i t s  v ic in i ty  converge b u t  the slow mode 
t r a j ec to r i e s  diverge. The unstable t r a j ec to r i e s  tend towards the 
s table  equilibrium point in the D = D = 1 saturated region a t  
max 
(5A,OV). Thus, the experimental data agree quite well with the 
predictions of Chapter 13. 
The case where D i s  reduced t o  .825 i s  shown in Fig. 14.6. 
max 
The saddle point and D = Dmax region equilibrium point now become 
vir tual .  I t  can be seen tha t  peak current levels may s t i l l  be as 
large as 4 h p s .  Nonetheless, a l l  t r a j ec to r i e s  are stable.  The 
measurements agree qui te  well with the predicted response of Fig. 13.21 
The t h i r d  s e t  o f  measuremnts made i s  f o r  the  case when Dmax i s  
again 1, but  the  capac i to r  i s  reduced from 2900 VF t o  450 vF. As 
p red i c ted  i n  Sect ion 13.9, the  f a s t  mode t r a j e c t o r i e s  are no longer 
p e r f e c t l y  s t r a i g h t  v e r t i c a l  l i n e s .  Instead, t h e  capac i to r  vo l tage 
increases f o r  l a rge  values o f  D'i, as seen i n  t h e  t r a j e c t o r i e s  w i t h  
i n i t i a l  capac i to r  vo l tages o f  18 and 19 Volts.  Also, the t r a j e c t o r i e s  
become rounded f o r  cur ren ts  near quas i -equ i l ib r ium.  Hence, the 
q u a l i t a t i v e  p r e d i c t i o n s  f o r  t h i s  case are a l s o  v e r i f i e d .  
Thus, the  boost regu la to r  example o f  Chapter 13 i s  shown i n  
three instances t o  behave as predic ted.  I n  consequence, t h e  v a l i d i t y  
o f  the  ana lys is  o f  Chapter 13, as w e l l  as o f  the  models o f  Chapter 11, 
i s  establ ished.  
CHAPTER 15 
CONCLUSIONS 
Because the  small-signal switching regulator models a re  l inear  
and  hence eas i ly  applied t o  most practical  design problems, and 
because of the insight they afford i n to  the operation of the regulator,  
they are indispensable too ls  fo r  the design of a switching regulator.  
However, because of the  small-signal assumption, these models do not 
describe the behavior of the  regulator during large t ransients .  As 
evinced by the  example in Section 9.2, i t  i s  possible fo r  a 
regulator t o  be s table  fo r  small perturbations b u t  not fo r  a l l  large 
perturbations. A design of t h i s  type i s  unreliable.  
I t  i s  of i n t e r e s t ,  therefore ,  t o  formulate models which are valid 
fo r  large s ignals  and  t o  determine the nature of these large-signal 
i n s t a b i l i t i e s .  I t  would then be possible t o  ensure t h a t  the large- 
signal t rans ien t  response i s  well-behaved. A s e t  of large-signal 
models i s  described in Chapter 11. The key l inear-r ipple  approximation 
of the small-signal state-space averaging method [1,2,11] i s  employed, 
b u t  no small-signal assumption i s  made. Tne result ing nonlinear s t a t e  
equations correct ly  predict the large-signal behavior of the system 
while i t  operates i n  the usual unsaturated mode. 
The e f f ec t s  of other nonl inear i t ies  in the system must be 
included as t h e i r  influence is  substant ia l .  The saturation of the 
pulse-width modulator can have a s t ab i l i z ing  e f f ec t  on the system. 
The t rans ien t  discontinuous conduction mode prevents the inductor 
current from becoming negative. A current-limiting mode may be 
purposely added; t h i s  too can help s t ab i l i z e  the syster!~. 
The equilibrium points of a system are  prominent features of i t s  
s t a t e  plane p o r t r a i t ,  and the knowledge of t he i r  number and positions 
can yield a great  deal of ins ight  i n t o  the large-signal system 
behavior. The equilibrium points of switching regulators a re  studied 
in Chapter 12. 
Analytical expressions are found which may be used t o  place the 
equilibrium points a t  sui table  locations in the s t a t e  plane, thereby 
improving the large-signal t ransient  response. This i s  f i r s t  
demonstrated f o r  the example of a two-state boost regulator with tota l  
s t a t e  feedback. I t  i s  found tha t  t h i s  regulator has four equilibrium 
points i n  addition t o  the quiescent operating point. Only two of tnese 
points may have a serious detrimental e f f ec t  on the  response, however. 
With proper c i r c u i t  design, th is  example may be rendered globally 
s table .  
Tne actual state-plane t r a j ec to r i e s  or  time-domain t rans ien t  
response may be found. This i s  eas i ly  accomplished by the computer 
evaluation of the models of Chapter 11. In t h i s  way, the existence 
of unstable solutions may be observed, and peak values of t ransient  
response waveforms calculated.  
A simple boost regulator example i s  analyzed i n  Chapter 13. The 
modes of operation a re  iden t i f i ed ,  and t h e i r  boundaries in the s t a t e  
plane are determined. The models of Chapter 11 a re  evaluated, and 
approximate a n a l y t i c a l  so lu t i ons  are found f o r  t h e  ac tua l  t ime domain 
t r a n s i e n t  waveforms. It i s  found t h a t  some t r a n s i e n t s  converge as 
des i red  t o  the  quiescent opera t ing  po in t ,  wn i l e  o thers  are  unstable 
and r e s u l t  i n  l a r g e  i nduc to r  current .  Th is  s i t u a t i o n  may be corrected 
by the a d d i t i o n  o f  a  cu r ren t  l i m i t i n g  mode o r  by l i m i t i n g  the maximum 
duty  r a t i o .  Tne pred ic ted  behavior o f  t h i s  sytem i s  v e r i f i e d  
exper imenta l l y  i n  Chapter 14. 
A number o f  e f f e c t s  have been neglected here. Add i t iona l  modes 
o f  opera t ion  may e x i s t ,  such as o the r  types o f  c u r r e n t  l i m i t i n g  modes 
o r  the  s a t u r a t i o n  o f  o ther  devices i n  the system. Also, more ana lys is  
i s  possible, such as the  p r e d i c t i o n  o f  l i m i t  cyc les  and the  
a n a l y t i c a l  es t ima t ion  o f  s t a b i l i t y  regions.  Nonetheless, the most 
basic  aspects o f  the  non l inear  phenomena which occur have now been 
described, and the  informed la rge-s igna l  design o f  most swi tch ing  
regu la to rs  i s  now possib le.  
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